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1 Introduction

Firms pay close attention to how they present product or decision-relevant information

to the public because framing affects consumer choice (Hershey et al., 1982; Thaler, 1980;

Tversky and Kahneman, 1981). For example, firms can actively use framing to increase

their profit (Piccione and Spiegler (2012); Salant and Siegel (2018); see the literature review

section). In a health insurance policy, how to categorize different contingencies might affect

consumer evaluation of health uncertainty and willingness to pay for the policy. In selling

mutual funds, how to categorize historical returns might affect how an investor evaluates the

fund.

This paper considers the design of a disclosure statement (DS) by a risk-neutral designer.

We model the disclosure statement as a partition of the state space that assigns each payoff-

relevant contingency/state to exactly one category.1 We assume the DS’s categorization

affects how consumers evaluate state-contingent consumption and the resulting demand.

Our consumer has weakly separable preferences that allow us to define risk attitude to

the DS’s categories, which we call event-risk. We explore how the coarsening of the DS’s

categorization influences the designer’s objective (profit or sales maximization). Our main

findings suggest that the grouping of expensive contingencies decreases profit if and only if

the consumer is event-risk averse.2 The opposite result holds for event-risk loving case.

The next two examples illustrate the framing effect analyzed here.

First, consider dental insurance. A dental policy of Canadian Manulife groups all relevant

contingencies into six categories: “preventive,” “restorative,” “endodontic and periodontics,”

“major,” “orthodontia,” and “implants & related.” However, the US insurer Spirit Dental &

Vision combines Manulife’s categories “endodontic and periodontics,” “major,” and “implants

& related” into its own “major,” and offers the consumers a coarser description of the plan

with four sections: “preventive,” “restorative,” “major,” and “orthodontia.”

Second, consider private health insurance in Australia and Canada. Both countries have

similar public healthcare systems, but private insurers group contingencies differently. For

1We use “DS”, “frame”, and “partition” synonymously.
2With slight abuse of terminology, throughout the paper we say the consumer is event-risk averse (loving)

if and only if she is more (less) averse to interim-stage event risk than ex-post-stage consumption risk, which
is equivalent to the interim-stage utility aggregator φ is a concave (convex) function.
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example, Blue Cross Ontario offers health plans with five categories: “vision,” “dental,”

“drugs,” “hospital,” and “massage therapy.” However, the Australian NIB offers a coarser

plan with only two categories: “hospital” and “extras” (vision, dental, physio, pharmacy).

In both situations, to purchase a plan, the consumer has to visit the insurer’s website and

choose inside each category with the precise details disclosed in fine print.

In both examples the firms choose different frames of a similar product, but it is unclear

which one is better. If the designer understands the nature of consumer reaction to framing,

can he improve his objective by making simple changes to the design of the DS? In the paper,

we study whether the designer can benefit from aggregating categories of an existing DS.

To answer these questions, we consider a representative consumer whose choices are

influenced by the categorization of the states in the DS. Formally, the consumer has weakly

separable preferences to the partition prescribed by the DS (Strotz, 1957).3 The partition

presents the state space as a collection of disjoint events. There is a single consumption good

that could be considered money. The consumer evaluates each state-contingent consumption

in two stages: First, she computes the utility from consumption within each category using

a standard utility of monetary consumption. Second, she aggregates the categorial utilities

using an aggregator function into an overall evaluation.

In our main analysis, we make the following assumptions. The utility function and ag-

gregator function are expected utility functions given by a tuple (P, u, φ), where P is the

probability on the state space,4 u is the first-stage vNM utility over consumption, and φ

is the second-stage aggregator utility. This is the class of state-aggregation subjective ex-

pected utility (SASEU) preferences axiomatized by Burkovskaya (2022).5 The consumer is

(outcome)-risk averse—that is, u and the overall utility φ◦u are both strictly concave. How-

ever, she might be less averse to uncertainty across categories than within each category 6—

that is, φ can be either concave or convex. Both functions are also strictly increasing and

sufficiently smooth. Function u exhibits constant absolute risk aversion (CARA), and the

3See also Goldman and Uzawa (1964), Ahn and Ergin (2010), and Li (2020), among many others.
4Our applications in sections 3.3 and 3.4 assume the consumer and the designer use the same probabilities.
5Our analysis can be extended to other weakly separable preferences, such as the Ahn and Ergin prefer-

ences. See section 5.3.
6 Burkovskaya et al. (2022) find experimental evidence that consumers are sensitive to the framing of

insurance plans. The data support that consumers are more averse to within categories than across them,
i.e., φ is convex.
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event aggregator φ is such that absolute event-risk aversion is non-increasing when φ is con-

cave and it is non-decreasing when φ is convex. We also require positive event-risk prudence.

In the concave case, this assumption on φ is equivalent to it being DARA.

The designer could be a firm selling financial products based on contingent consumption

bundles (e.g., insurance plans or mutual funds) or a government official who wants to increase

aggregate consumption. The objective is to maximize expected profit or sales. We assume

the designer is a price-taker,7 whose profit function is linear in the contingent consumption

and its unit price. The designer considers combining several sections of the current DS into

a single section—a process we call one-step aggregation. We are interested in whether and

how such a change in the DS can affect the designer’s goal.

To this end, we decompose the total effect of a change in the DS into two parts: The event-

aggregation effect and the event-smoothing effect. The event-aggregation effect accounts for

rearranging demand across states in the newly aggregated section while keeping the income

allocated to the newly aggregated section unchanged. The event-smoothing effect accounts

for the redistribution of expenditure across different sections of the new DS.8 A similar

analysis applies to the disaggregation of one section into several sections.

We first characterize the behavior of consumption under each of these two effects. Due

to the event-aggregation effect, the consumer redistributes consumption from expensive cat-

egories to cheaper ones if and only if the event aggregator φ is concave. Next, in the

event-smoothing effect, the consumer redistributes consumption away from the newly aggre-

gated category if and only if the aggregation function φ is concave. The intuition follows

from the fact that a concave aggregator suggests the consumer is more averse to uncertainty

across categories than within a given category. For a concave φ, after some categories are

aggregated into one, the consumer is no longer concerned with variations across them. The

effects are opposite for the convex aggregator.

After analyzing consumption, we move to the designer’s problem and develop two appli-

cations. The first application is when the designer is an insurer that maximizes profit by

7We also provide a short discussion of endogenous pricing in section 5.2.
8Our decomposition is reminiscent of the Slutsky decomposition in the classic demand analysis. The

event-aggregation effect is similar to the direct substitution effect of price on the compensated demand, and
the event-smoothing effect mimics the income effect.
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designing its plans. We obtain that for the event-aggregation effect, the profit is always lower

if and only if the aggregator φ is concave. Intuitively, our consumer redistributes her insur-

ance demand toward the cheaper events in the new category, so the insurer loses money. For

the event-smoothing effect, we have several results: (1) if the aggregated event is expensive,

then the profit is lower if and only if the aggregator φ is concave; (2) if the aggregated event

is cheap, then the profit is greater if and only if the aggregator φ is concave. Intuitively,

the consumer redistributes money away from the new category, so the results follow. The

results are the opposite for convex φ. For the second application, we apply our theory to

the alternative goal of sales maximization by a manager of a financial firm or (aggregate)

consumption maximization by a government official and obtain the opposite results.

Our main findings are also robust to a more general case that relaxes the CARA restriction

on u. For the case of DARA u and monotonic aggregation—only adjacent events (as ranked

by prices) are aggregated—together with mild technical assumptions that limit the concavity

and convexity of φ, the similar results still hold (see section 5.1 and Propositions 4, 5 in the

Online Appendix).

Our results depend on properties of risk preferences, especially on concavity and convexity

of φ. For the designer to verify these properties, he can apply the revealed preference analysis

(with additional restrictions on u and φ) to the demand data when consumer preferences are

homogenous (see Burkovskaya, 2022). When the source of preference heterogeneity is only

in the degree of risk or event-risk aversion, but all consumers are risk averse and event-risk

averse (or event-risk loving), our results still apply. In that case, the profit size depends on the

parameters, but the direction of comparative statics and the optimal DS (if there is one) do

not. Finally, if consumer preferences are heterogeneous regarding event-risk aversion/loving,

the existing data will be too limited to evaluate individual preferences. The designer can

conduct an experimental or survey study on a randomly selected sample of consumers to

verify which groups of consumers satisfy the imposed assumptions.

Our technique for analyzing consumption and profit changes builds on comparing the

first-order conditions of the consumer optimization problems under different frames. 9 This

9We use the Taylor approximation to the first-order conditions to characterize consumption change. The
approach is similar in spirit to Maccheroni et al. (2013), who use the Arrow-Pratt approximation to the
smooth ambiguity utility function.
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approach can be applied beyond the SASEU preferences. In section 5.3, we apply it to

the partition-dependent expected utility from Ahn and Ergin (2010). Under appropriate

conditions on their utility function and beliefs, we predict that the consumer will allocate

expenditure away from the aggregated event and the designer would be better off separating

expensive events in the DS. The discussion suggests our method can have implications for

analyzing framing for other weakly separable preferences.

Finally, we partially characterize the optimal DS in terms of the necessary conditions.

When φ is concave, an optimal frame should not contain the most expensive events that are

non-singletons. The opposite conclusion holds for convex φ. While the designer problem

gets computationally complex rapidly as the number of states increases, our results could

simplify the problem by eliminating frames that are never optimal.

1.1 Literature review

Our paper builds on the decision theory literature on the framing effect. The framing of

unknown contingencies can affect choices (Hershey et al., 1982; Thaler, 1980; Tversky and

Kahneman, 1981). A few recent papers provide axiomatic foundations for this effect. Salant

and Rubinstein (2008) take as primitive extended choice functions defined on a product do-

main of menus and (abstract) frames, where each function assigns a pair of menu and frame

to an object. They consider the related choice correspondence and characterize conditions

under which it is rationalizable. Bernheim and Rangel (2009) provide additional welfare

analysis. Alternatively, Ahn and Ergin (2010) model frames as partitions of the state space

and characterize a partition-dependent expected utility representation in which the agent’s

likelihood judgment of events is described by a non-additive support function. Similarly,

Burkovskaya (2022) also models frames as partitions. She characterizes an SASEU repre-

sentation for preferences over acts, in which the agent evaluates an act in two stages: first

for each event and then in the aggregate.10 The current paper assumes that consumers have

this type of weakly separable preferences with the SASEU representation, while the focus is

on how the designer can benefit from cleverly designing the frames.

10Li (2020) also studies a two-stage evaluation procedure in the context of ambiguity. The utility repre-
sentation used here is also reminiscent of the smooth ambiguity model (Klibanoff et al., 2005) or the SOEU
(Grant et al., 2009).
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Our paper is closely related to the literature that studies the market interactions between

profit-maximizing firms and boundedly-rational consumers. Piccione and Spiegler (2012)

analyze price competition with two firms that choose different frames and limit the price

comparability. They identify a condition on the comparability structure of frames (called

“weighted regularity”) that guarantees the existence of a framing strategy that induces the

same degree of comparability regardless of its opponent’s frames. In any symmetric equi-

librium, this condition is necessary and sufficient for the firms to receive competitive profit.

Spiegler (2014) studies a similar model with more general frames induced by arbitrary mar-

keting messages, and provides the corresponding characterization of the weighted regularity

condition in the general framework. Salant and Siegel (2018) study the design of an adverse-

selection contract with binary types by a monopolist seller, who can choose a “frame” feature

that can temporarily increase a product’s attractiveness. The optimal separating contract

in this model often utilizes the framing effect. A common feature among these papers is

that frames are abstract objects that can directly affect consumer tastes (Salant and Rubin-

stein, 2008). In contrast, in our paper, frames are specifically described as partitions of the

state space, and a consumer’s frame sensitivity is a consequence of her SASEU preferences.

Moreover, the papers above analyze the strategic interactions among consumers and one

or two firms with market power, whereas our focus is on the framing decision of a small

insurance firm which is a price-taker in a perfectly competitive financial market. 11 Finally,

Gul et al. (2017) consider a Lucas-tree economy with boundedly-rational consumers who can

only choose coarse consumption plans with respect to some partition, and characterize its

competitive equilibrium. The main difference is that the (framing) partition is determined

as some optimized outcome by the consumer in Gul et al. (2017), whereas it is designed by

the firm in our work.

Our paper can also be placed in the growing information design literature (Bergemann

and Morris, 2019; Kamenica and Gentzkow, 2011). It is particularly related to papers that

analyze the design of information disclosure to non-expected-utility agents (Lipnowski and

Mathevet, 2018; Beauchêne et al., 2019; Duraj and He, 2020). Our paper finds a family

11Here, we present the model as an insurance demand problem in an insurance market that trades state-
contingent claims, yet it is straightforward to translate our analysis to characterize the partial equilibrium
in a canonical complete market model with frame-sensitive consumers.
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of consumer preferences in which the designer benefits from providing a finer information

partition of the more expensive states depending on the preference characteristics.

The paper proceeds as follows. Section 2 introduces the demand problem of consumers

with weakly separable preferences and the designer’s problem. Section 3 characterizes the

comparative statics of SASEU consumers with CARA u function and applies it to two prob-

lems: designing DS to maximize profit and designing DS to maximize consumption/sales.

Section 4 provides a partial characterization of the optimal partitions. Section 5 discusses

a generalization to the DARA u case with monotonic aggregation, endogenous pricing, and

applicability of our method for other partition-dependent utility models. The appendix

contains omitted proofs, and a more general case analysis is in the online appendix.

2 The framework

2.1 Notation

The state space is Ω = {s1, s2, . . . , sn} with n states of the world. A frame/DS is a parti-

tion π = {S1, S2, . . . , SN} of the state space. There is a single consumption good that could

be interpreted as monetary prize with values in R+. Let pi > 0 be the exogenously given price

of a unit of consumption in state si for i = 1, . . . , n. A (representative) consumer faces frame

π and chooses a consumption profile c = (c1, . . . , cn), in which ci ≥ 0 describes consumption

in state si. The consumption space is Rn
+. For simplicity, we normalize

∑n
i=1 pi = 1.

2.2 The consumer

The consumer has weakly separable preferences that depend on frame π = {S1, S2, . . . , SN}

and evaluates any consumption profile with a two-stage procedure: she first calculates her

conditional utility for each event Si ∈ π, and then she aggregates her overall utility from

conditional utilities on all the events in π.

We follow the general framework of weakly separable preferences with respect to a par-

tition from Strotz (1957) and Goldman and Uzawa (1964)12 and assume the following rep-

12 We thank an anonymous referee for suggesting the general setup.
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resentation with respect to the partition π = {S1, S2, . . . , SN}:

U(c, π) = Φ(VS1(cS1), . . . , VSN
(cSN

)), (1)

where cSk
is the consumption vector on event Sk; VSk

(cSk
) is a continuous and monotonic

utility function of the consumption vector cSk
; and Φ(u1, . . . , uN ) is a continuous and mono-

tonic aggregator of the N conditional utilities determined by π. 13

Let I > 0 be the consumer’s income, then the consumer’s budget is

B(p, I) =

{

(c1, . . . , cn) ∈ Rn
+ :

n∑

i=1

cipi = I

}

.

Given p, I , and π, the consumer’s optimal demand problem is

max
c∈B(p,I)

U(c, π) = Φ(VS1(cS1), . . . , VSN
(cSN

)). (3)

Problem (3) always has a solution c(π) and the solution is unique if U(∙, π) is strictly quasi-

concave. In general, we study the effect of changing frame π on the optimal demand c(π)

for a consumer with partition-dependent weakly separable preferences. Consumer demand

c(π) changes with π in a non-trivial way as long as the preferences are partition-dependent.

Henceforth, we will assume U(∙, π) is strictly concave and differentiable, so the solution

to problem (3) is characterized by the first-order conditions (FOCs).14 For simplicity, we

assume both Φ(∙) and VSk
(∙) admit subjective expected utility (EU) representations with

respect to some probability P ∈ ΔΩ, where P (si) is the probability of state si; VSk
is the

expected utility given by conditional probability P (∙|Sk) and vNM utility index u(∙); Φ is

13In Li (2020), the entry to Φ(∙) should be (VS1(cS1)1S1 , . . . , VSN
(cSN

)1SN
) ∈ Rn, where 1k is a k-

dimensional vector of ones. The partition-dependent recursive utility representation is given by

U(c, π) = Φ






VS1(cS1) if si ∈ S1

...
...

VSN
(cSN

) if si ∈ SN




 . (2)

Φ(∙) and VSk
(∙) may not be differentiable or probabilistically sophisticated expected utility functionals.

14The FOCs are
∂Φ

∂VSk

∙
∂VSk

∂ci
= λπpi for all si ∈ Sk, Sk ∈ π,

where λπ is the Lagrange multiplier of the budget constraint.
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the expected utility functional given by probability P and event-risk index φ(∙).

Therefore, VSk
=
∑

sj∈Sk
P (sj|Sk)u(cj) is the conditional expected utility from consump-

tion in states that belong to event Sk, which we call event utility, and Φ(VS1 , . . . , VSk
) =

∑N
k=1 P (Sk)φ(VSk

) is the ex-ante utility. Together, the consumer has state-aggregation SEU

(SASEU, Burkovskaya (2022))

U(c; π) =
N∑

k=1

P (Sk)φ




∑

sj∈Sk

P (sj|Sk)u(cj)



 , (4)

where u : R+ 7→ R is the vNM utility index of consumption at the second stage, and

φ : u(R+) 7→ R is the event-utility index of the consumer’s utility at the first stage. The

curvature of φ describes the consumer’s attitude toward variation in conditional utilities on

events in π, which we call event risk.

Throughout the paper, we assume the utility functions u(∙) and φ(∙) are strictly increasing

and at least three-times continuously differentiable. Moreover, u(∙) and φ ◦ u(∙) are strictly

concave. However, we allow φ(∙) to be either concave or convex, which is later shown to be

closely related to our comparative statics analysis.

To better interpret the concavity or convexity condition of the event-risk index φ(∙), let

ψ(∙) := φ ◦ u(∙) and consider a representation that is equivalent to Eq. (4):

∑

Sk∈π

P (Sk)ψ



u−1




∑

sj∈Sk

P (sj|Sk)u(cj)







 , (5)

where ψ : R+ 7→ R is the aggregator of the conditional certainty equivalents from the

second-stage evaluations, which is given by u−1
(∑

sj∈Sk
P (sj|Sk)u(cj)

)
for every Sk ∈ π.

We immediately have the following observations:

(i) φ = ψ ◦ u−1.

(ii) If ψ(∙) = au(∙) + b for some a > 0, b ∈ R; that is, the agent has the same risk attitude

toward monetary consumption at two stages of evaluation, then φ is linear, and the

SASEU representation in Eq. (4) reduces to the standard EU model, implying U(∙; π)

is independent on π. The consumer is indifferent to the framing of DS.
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(iii) φ is concave (convex) if and only if ψ is more (less) concave than u; that is, the consumer

is more (less) averse to variation in the event-certainty equivalents ((u−1(Vk))
N
k=1) than

to variation of consumption within each event.15

Now suppose the consumer has the SASEU representation (u, φ, P ) with respect to π.

The consumer’s optimization problem under DS π = {S1, S2, . . . , SN}, called (DP-π), is

max
(c1,c2...cn)∈Rn

+

∑

Sk∈π

P (Sk)φ

(
∑

si∈Sk

P (si|Sk)u(ci)

)

(6)

s.t.
n∑

i=1

pici = I.

Since u and φ ◦ u(∙) are differentiable and strictly concave, (DP-π) has a unique optimal

solution that is characterized by the following first-order conditions (FOCs):

φ′(VSk
)u′(ci) = λπri for all Sk ∈ π, si ∈ Sk, (7)

where ri = pi

P (si)
is the probability-adjusted price of consumption in state si, and λπ > 0 is

the Lagrange multiplier for the budget constraint
∑n

i=1 pici = I in (DP-π).

By dividing the FOCs for any two events Sk, Sl, the marginal rate of substitution between

states si and sj equals the ratio of the corresponding probability-adjusted relative prices:

ri

rj

=
φ′(VSk

)

φ′(VSl
)

u′(ci)

u′(cj)
for all si ∈ Sk, sj ∈ Sl.

2.3 The designer’s problem

A designer offers DS π to the consumer. We assume the consumer uses the offered frame

in her two-stage evaluation.16 The designer is a risk-neutral seller of state-contingent claims

15 Suppose π∗ is the finest partition and π∗ = {Ω} is the coarsest. We say the agent has a preference
for second-stage (first-stage) resolution of uncertainty if for every c the certainty equivalent under π∗ is
higher than that under π∗; i.e., ψ−1(U(c; π∗)) ≥ ψ−1(U(c; π∗)) for all c. Then, concavity (convexity) of φ
is equivalent to the notion of preferences for second-stage (first-stage) resolution of uncertainty originally
proposed by Kreps and Porteus (1978). See also Li (2020) for a discussion.
16 The salience effect and availability bias reported in behavioral economics (Thaler and Sunstein, 2009;

Tversky and Kahneman, 1974) support this assumption. It is realistic when the designer is an experienced
seller/policymaker while the consumer lacks frequent experience in relevant decisions such as buying an

11



at the prevailing market prices (p1, . . . , pn).17 In the two applications involving the designer,

we assume that P (s1), . . . , P (sn) are probabilities used commonly by both the consumer and

the designer.18 Therefore, the expected cost of selling a unit of claim in state si is P (si),

while the revenue is pi.

Given frame π, the designer’s objective function is

n∑

i=1

ci(π)(pi − P (si)) =
n∑

i=1

pici(π)

(

1 −
1

ri

)

, (8)

where (c1(π), . . . , cn(π)) is the consumer’s demand that solves (DP-π) in Eq.(6). The objec-

tive can be interpreted as the designer’s expected profit from selling contingent claims.

Let Π be the collection of all partitions of the state space Ω. The designer’s problem can

be equivalently expressed as choosing π from Π to minimize expected loss:

min
π∈Π

L(π) =
n∑

i=1

ci(π)(P (si) − pi) =
n∑

i=1

pici(π)

(
1

ri

− 1

)

, (9)

where c(π) is the consumer’s demand under frame π.

The designer’s problem is a complex combinatorial optimization problem with a non-

linear objective function. To illustrate, suppose |Ω| = n, then the cardinality of the constraint

set Π grows faster than exponential speed in n. Therefore, solving the optimal design problem

is computationally complex.19 Instead, we focus on the comparative statics of changes in

consumption and the designer’s expected loss following a change in the current DS. That is,

ΔL =
∑n

i=1 Δci(P (si) − pi). We are interested in the direction of these changes.

insurance policy or setting up an investment plan. The consumer may also have limited attention and take
the partition suggested in the DS as a natural hint of the right mental categorization of the state space.
17We assume the designer participates in a perfectly competitive complete financial market. By the

standard general equilibrium argument, our analysis can extend to where the designer sells other assets
derived from the full set of state-contingent claims under arbitrage-free pricing formula.
18In the two applications (sections 3.3 and 3.4), the designer and the consumer hold the same probabilistic

belief in a complete and competitive market. This belief can be the true objective probability of the state
space, or it can be the merging of opinions from long-run market interactions (Blackwell and Dubins, 1962).
While restrictive, the common belief assumption is used in many applications, especially rational expectation
models. A standard justification is the market selection hypothesis: when agents are in a complete and
competitive financial market, any agent who does not hold the correct belief will fail to “prosper” and be
forced out of the market. See, for example, Araujo and Sandroni (1999); Blume and Easley (2006); Sandroni
(2000).
19 In section 4, we further discuss the complexity of the optimality problem and provide a partial charac-

terization of the optimal partition.
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Observe that the sign of ΔL is invariant to any strictly monotonic transformation of L(∙).

So our comparative statics analysis directly applies to any problem where the designer’s

objective is to minimize L′(π) = h(L(π)) for any strictly increasing function h : L(Π) 7→ R.

2.4 Changing DS and decomposition of optimal consumption change

We are interested in the effect of changing DS from π to ρ, when multiple events Sk, . . . St

(where k < t) in π are aggregated into a single event B in ρ. That is, the original DS is

π = {S1, S2, . . . , SN} and the aggregated DS is ρ = {S1, S2, . . . , Sk−1, B, St+1, . . . SN}, where

event B = ∪t
i=kSi. Throughout the paper, we assume the designer observes demand under

the current DS π, state prices, probabilities, and consumer income. For the quantitative

analysis in section B.1 in the Online Appendix, we suppose that the designer knows or can

estimate the vNM utility u(∙) and the aggregator φ(∙). Since we treat the state prices and

probabilities as fixed, we will ignore how consumer choices depend on them in our notation.

The consumer with DS π chooses consumption (c1, c2, . . . , cn) to solve the initial problem

(DP-π). The optimal consumption vector and the Lagrange multiplier λπ are determined by

the n FOCs in Eq. (7) and the budget constraint.

After aggregation, events {Sk, . . . St} are lumped into a single event B. The consumer

facing DS ρ = {S1, S2, . . . , Sk−1, B, St+1, . . . SN} solves the problem (DP-ρ):

max
(c1,c2...cn)∈Rn

+

∑

Sk∈ρ

P (Sk)φ

(
∑

si∈Sk

P (si|Sk)u(ci)

)

(10)

s.t.
n∑

i=1

pici = I.

We denote the solution to (DP-ρ) as a consumption bundle c̃ = (c̃1, c̃2, . . . , c̃n). The FOCs

for the (DP-ρ) are similar

φ′(VSk
(s̃))u′(c̃i) = λρri for all Sk ∈ ρ and si ∈ Sk, (11)

where λρ > 0 is the Lagrange multiplier for the constraint I −
∑n

i=1 pic̃i = 0 in (DP-ρ).
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We aim to analyze changes in consumption Δci = c̃i − ci following the change from π to

ρ and how it affects the above designer objective. Note that our analysis applies directly to

the impact following a disaggregation of DS from ρ to π.

When all the states are priced in an actuarially fair way, i.e., pi = P (si) for all i = 1, . . . , n,

then the consumer will choose the same consumption in every state; i,e, ci = I∑n
i′=1 p′i

for all

i. In this case, consumption demand would be frame-neutral.

We call the effect of optimal consumption changes from π to ρ a total one-step aggregation

effect. We propose a method that decomposes the total consumption change, Δci = c̃i − ci

for all si, into two parts—an event-aggregation effect and an event-smoothing effect. The

event-aggregation effect accounts for the agent’s desire to rearrange consumption according

to the newly aggregated event. The event-smoothing effect refers to the agent’s desire to

balance the values from different sections of the DS.

To proceed, we introduce the following auxiliary optimization problem: we find an in-

termediate consumption (c∗1, c
∗
2, . . . , c

∗
n) that solves the utility-maximization problem within

the aggregated event B, holding fixed the expenditure on B. By construction, this change

only applies to event B. So we let c∗i = ci for any state si outside event B. For any state

si ∈ B, c∗i is the solution to the following problem, denoted (DP-B):

max
{c∗i }si∈B

P (B)φ

(
∑

si∈B

P (si|B)u(c∗i )

)

s.t.
∑

si∈B

pic
∗
i =

∑

si∈B

pici,

where IB =
∑

si∈B pici is the expenditure on B under the initial problem (DP-π).

The FOCs for the solution of the intermediate bundle (c∗1, c
∗
2, . . . , c

∗
n) are

φ′(V ∗
B)u′(c∗i ) = λBri, (12)

for all si ∈ B, where λB is the Lagrange multiplier for the constraint
∑

si∈B pi(c
∗
i ) = IB in

(DP-B).

Our decomposition first considers the change from c to c∗, Δc∗ = c∗−c, which is the pure

event-aggregation effect because consumption outside B is kept fixed. We then examine the
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change from c∗ to c̃, Δc̃ = c̃ − c∗, which is the event-smoothing effect because it requires

only redistribution of available income across different events in the DS.

In general, our two-step decomposition is close in spirit to the classic Slutsky decomposi-

tion of the effect on consumption from a price change. Our event-aggregation effect is in line

with the classic substitution effect, which requires consumption to adjust according to the

new marginal rate of substitution dictated by the new price ratio. The event-aggregation

effect requires the consumption to adjust according to the new marginal rate of substitution

inside the aggregated event dictated by the change in frame. Similarly, our event-smoothing

effect is reminisent of the classic income effect—both respond to income adjustment.

Just as we can decompose consumption change following an aggregation of DS into the

event-aggregation effect and event-smoothing effect, we can also decompose the designer’s

expected loss changes into the event-aggregation effect ΔL∗ =
∑n

i=1 Δc∗i (P (si)− pi) and the

event-smoothing effect ΔL̃ =
∑n

i=1 Δc̃i(P (si) − pi). In the next section, we will fully char-

acterize the directional changes of each effect in terms of necessary and sufficient conditions

on the consumer’s event-risk attitude, i.e., the concavity or convexity of φ(∙).

3 Main results: the CARA case

In this section, the designer does not observe consumer preferences directly; nevertheless,

he is willing to make certain assumptions about the vNM index u(∙) and the event-utility

index φ(∙). In addition, the designer has access to consumption and price data under the

current DS π.20 We analyze the comparative statics of the one-step aggregation of DS on

consumption choices and the designer’s goal.

Henceforth, we denote by Au(x) = −u′′(x)
u′(x)

the measure of absolute risk aversion, Aφ(u) =

−φ′′(u)
φ′(u)

the analogous measure of absolute event-risk aversion, Pu(x) = −u′′′(x)
u′′(x)

and Pφ(u) =

−φ′′′(u)
φ′′(u)

the measures of absolute prudence and absolute event-risk prudence, respectively.

Assumption 1. u(∙) is CARA.

Assumption 2. (i) |Aφ(∙)| is non-increasing and (ii) φ′′ ∙ φ′′′ < 0.

20 Here we assume the designer can directly observe prices pi from financial market data and infer proba-
bilities P (si) from the empirical frequency of state si in a cross-sectional dataset. The underlying assumption
is that all consumers and the designer hold the correct belief about states and events.
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Assumption 1 says Au(∙) is a constant. It is equivalent to u(c) = 1
γ
(1−e−γc), where γ > 0

is the coefficient of absolute risk aversion. Part (i) of Assumption 2 is equivalent to Aφ(∙)—

the absolute event-risk aversion—is non-increasing when φ is concave and is non-decreasing

when φ is convex; part (ii) is equivalent to Pφ(∙) > 0. In section 5.1 and a more detailed

section B.2 in the Online Appendix, we extend our analysis to the more general case when

u(∙) is not necessarily CARA.

For each event Sk ∈ π, denote by pSk
=
∑

si∈Sk
pi the price of a contingent claim that

delivers a unit of consumption in every state in the event Sk, and by rSk
=

pSk

P (Sk)
the

probability-adjusted price of a unit of consumption in event Sk.

3.1 An illustrating example

We first illustrate our main findings with some numerical examples.

Example 1. Consider a consumer with initial wealth I = $15 who would like to purchase

state-contingent consumption. There are four states of the world Ω = {s1, s2, s3, s4}, which

may occur with probabilities P (s1), P (s2), P (s3), and P (s4). The consumer preferences are

represented by utility function in Eq. (4) with a CARA u(∙) and a CRRA φ(∙) functions as

follows:

u(x) =
1

γ
(1 − e−γx), φ(u) = uη.

The range of u is in the positive values. Hence, for values η > 1, φ is convex; and for

0 < η < 1, φ is concave. The value functional satisfies both Assumptions 1 and 2.

First, consider the consumption under the finest frame π = {{s1}, {s2}, {s3}, {s4}}. Then,

suppose the consumer is provided with a coarser frame ρ = {{s1}, {s2, s3}, {s4}}, where event

B = {s2, s3} is the aggregate of states s2 and s3.

We set γ = 0.3, I = 15, α = 5, P (s1) = 0.2, P (s2) = 0.4, P (s3) = 0.1, and P (s4) = 0.3.

In addition, we consider prices p1
1 = 0.2, p1

2 = 0.5, p1
3 = 0.2, and p1

4 = 0.1. Note that

r1
1 = 1 < 1.4 = r1

B and r1
4 = 1/3 < r1

B; so B is the most expensive event in ρ. Table 1

shows the choices of consumption and the decomposition of the difference in expected loss

for frames π and ρ for η = 0.7 (concave case) and η = 1.3 (convex case), which are solved
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Figure 1. The figure plots the event-aggregation effect ΔL∗ (the blue dotted curve) and
the event-smoothing effect ΔL̃ (the orange curve) as a function of η (the relative event-risk
aversion/loving parameter). When 0 < η < 1, φ is concave; when 1 < η, φ is convex. The
parameters are given by Example 1, with γ = 0.3 and r1 < rB and r4 < rB.

numerically.

c1 c2 c3 c4 ΔL∗ ΔL̃ ΔL

π1 (convex) 10.4801 9.7247 8.1221 14.1718
-0.0015 -0.0006 -0.0022intermediate1 (convex) 9.7145 8.1478

ρ1 (convex) 10.4778 9.7154 8.1488 14.1697

π1 (concave) 10.4561 9.7235 8.1908 14.0886
0.0015 0.0005 0.0020intermediate1 (concave) 9.7332 8.1665

ρ1 (concave) 10.4582 9.7323 8.1657 14.0906

Table 1: Changes of consumption and losses after one-step aggregation.

We can also explicitly compute ΔL∗ and ΔL̃ for different values of η ∈ (0, 1.6), which is

illustrated by Figure 1.

Observation 1. When B is the most expensive event in ρ, φ is concave (convex) if and only

if both ΔL∗ and ΔL̃ are positive (negative). Moreover, both ΔL∗ and ΔL̃ are monotonically

decreasing in η in this example.

Observe that in Example 1, when B is the most expensive among all events in ρ and

φ(∙) is concave, the designer achieves a better outcome under the finer DS that separates
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states s2 and s3 than that under the coarser DS ρ. Moreover, in the one-step aggregation,

both event-aggregation and event-smoothing effects reduce profit. Additionally, an opposite

pattern holds for the convex φ(∙) case.

3.2 Comparative statics: consumption

An immediate implication of Assumption 1 is that the conditional expected utility of an

event is negatively related to its probability-adjusted price.

Lemma 1 (Monotonicity). Under Assumption 1, for any two events Sk, Sl ∈ π, VSk
> VSl

if and only if rSk
< rSl

.

Due to this monotonicity property, we can re-index the events in π = {S1, S2, . . . , SN}

so that rS1 < rS2 < ∙ ∙ ∙ < rSN
. That is, events in π are ranked from the cheapest to the

most expensive. As a result, VS1 > VS2 > ∙ ∙ ∙ > VSN
. Similar ranking can be done for the

aggregated DS ρ and the events {Sk, . . . , St} that aggregate into B, where the aggregated

event B is also placed according to rB. We do not make any additional assumptions on

which events are aggregated, so B can consist of non-consecutive events.

3.2.1 Event-aggregation effect

In this subsection, we consider the event-aggregation effect—Δc∗—under the CARA as-

sumption on u. We start with Lemma 2, which establishes the event-aggregation effect on

consumption.

For any finite sequence {Δxj}M
j=1, we say {Δxj}M

j=1 satisfies single-crossing from above

(below) if the sequence crosses zero from positive to negative (from negative to positive)

exactly once.

Lemma 2. If Assumption 1 holds, then for any state sj ∈ Si and event Si ∈ B, the event-

aggregation effect on consumption is

Δc∗j =
1

γ

(

1 −
φ′(VSi

)
∑

Sk∈B

pSk

pB
φ′(VSk

)

)

. (13)

18



Moreover, φ is concave (convex) if and only if {Δc∗j}sj∈B satisfies single-crossing from above

(below) for all values of prices pi, probabilities P (si), and income I.

In Eq.(13), the event-aggregation effect on consumption in event Si depends on the

relationship between the original marginal value in this event, φ′(VSi
(s)), and the relative-

price-weighted average of marginal values of sub-events inside B. Moreover, the event-

aggregation effect is the same for all states in the same original event because u is CARA.

Because the expenditure on B remains constant, we have
∑

si∈B piΔc∗i = 0. When φ(∙)

is concave, by monotonicity of VSk
, the sequence {Δc∗i }si∈B is non-increasing and hence

it satisfies single-crossing from above. Since the probability-adjusted price sequence, {ri :

si ∈ B}, is increasing, under the event-aggregation effect, consumption in the cheaper events

increases while consumption in the more expensive events decreases, leading to a more “spread

out” consumption sequence in event B. Therefore, the consumption change from Lemma 2

above suggests a potential decrease of expected profit for the designer. The intuition is

confirmed by Proposition 1 below. In contrast, {Δc∗i }si∈B satisfies single-crossing from below

when φ(∙) is convex, leading to the opposite pattern.

3.2.2 Event-smoothing effect

In this section, we turn to the event-smoothing effect that arises from redistributing

income across events in DS ρ. Denote by Bc the collection of unaffected by the aggregation

events, i.e., Bc = π\B. To begin with, we establish an equivalence between the concavity of

the event-risk index φ and whether the consumer redistributes income out of event B.

Lemma 3. We have the following properties about the event-smoothing effect.

(1) If Assumption 1 holds, then for any event Sk ∈ ρ and si, sj ∈ Sk, Δc̃i = Δc̃j = Δc̃Sk
.

(2) If Assumptions 1 and 2 hold, then for Sk, Sl ∈ Bc, VSk
> VSl

if and only if Δc̃Sk
> Δc̃Sl

.

(3) If Assumptions 1 and 2 hold, then for all values of prices pi, probabilities P (si), and

income I, the following statements are equivalent:

(i) φ is concave (convex);
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(ii) λB < (>)λρ < (>)λπ;

(iii) Δc̃B < (>)0 and Δc̃Sk
> (<)0 for all Sk ∈ Bc.

Property (1) says that CARA u implies that the changes in consumption are the same

for all the states in an event.

Property (2) suggests changes in consumption outside B can be monotonically ranked

by the corresponding event prices. Hence, the cheaper the event, the greater the change in

consumption in the event-smoothing stage.

Property (3) is a special case of Proposition 5 in the Online Appendix. Intuitively, before

event aggregation, in the original DS π, the consumer perceives variations in conditional

values of sub-events in B, (i.e., {VSk
}Sk∈B); after event aggregation, these event values are

lumped into a constant value V ∗
B. Moreover, V ∗

B > VB. Hence, the post-aggregation (de-

terministic) distribution of the event value on B second-order stochastically dominates the

conditional distribution of the pre-aggregation sub-events values on B.21 For instance, sup-

pose φ is concave and DARA, which implies φ′′′(∙) > 0. Since φ′(∙) is decreasing and convex,

the marginal post-aggregation event value on B is lower than the conditional expectation

of the marginal pre-aggregation sub-event values on B. Therefore, the shadow value of

income in (DP-B) is lower than that in (DP-π), which implies λB < λπ. Consequently, post-

aggregation income should be redistributed from B to Bc to equalize the marginal event

values in the new (DP-ρ). This income redistribution implies λρ < λπ, and hence in the

event-smoothing stage consumption in states in B will drop, whereas consumption in states

in Bc will go up.

Our analysis of income redistribution uses the condition Pφ > 0, called positive absolute

prudence, which is well-known for generating the “precautionary saving” motive in the classic

risk analysis (Kimball, 1990).22 In our context, the event-attitude index φ has positive

absolute prudence. For a concave φ, the event-aggregation effect leads to a (mean-increasing)

contraction of the distribution of event values in B that are aggregated by φ, and yet the

distribution of event values outside B remains unchanged. Therefore, at the event-smoothing

21That is, the distribution (V ∗
B , 1) second-order stochastically dominates the distribution

(VSk
, P (Sk|B))Sk∈B .

22See also the analysis of investment decisions with background risk (Gollier and Kimball, 2018).
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stage, the consumer perceives less variation in the event values in B, and hence she will “save”

less for consumption in B by redistributing income from event B to event Bc, generating a

similar “precautionary saving motive”. The intuition for the case of a convex φ is analogous.

3.3 Application I: the insurance problem

We first consider the case when the designer is an insurer. It is risk neutral and takes the

price of each contingent claim pi as given. In this application and the next one, we assume

that all probabilities are common for consumers and the designer. All insurance policies

have a default state where no accident occurs, which we denote by s1. Given the salience of

s1, the insurance company chooses DS of the form π = {{s1}, S2, . . . , SN}. For each state si

with i > 1, a loss of the size li occurs. For each event Sk = {sk1, . . . , skt} in π, the insurance

plan specifies the coverage and the deductible at each state dk1, . . . , dkt. Then li − di is the

reimbursement claimed by the consumer in state si.

The company aims to maximize the expected profit of the following form:

profit(π) =
n∑

i=2

(li − di(π))pi −
n∑

i=2

P (si)(li − di(π)) = α −
n∑

i=2

di(π)pi −
n∑

i=2

P (si)(li − di(π))

= const −
n∑

i=2

di(π)(pi − P (si)) = const − L(π),

where α =
∑n

i=2 lipi is a fixed premium for full coverage and
∑n

i=2(li−di(π))pi is the premium

at current deductibles. Rearranging terms, const = α −
∑n

i=2 liP (si) is a constant part of

the profit that does not depend on consumer choice, and L(π) =
∑n

i=2 di(π)(pi − P (si)) is

the insurer’s expected loss under DS π. In the analysis that follows, we work with the loss

L(π), implying its direct relationship with the profit.

Note that no accident occurs in state s1 and no deductible is claimed; we denote by s the

consumption in state s1. Then by definition, ci = s − di in all the other states where i > 1.

Similar to the decomposition above, d∗
i = s∗ − c∗i and d̃i = s̃ − c̃i are deductibles in (DP-B)

and (DP-ρ), respectively.

We can define the corresponding intermediate changes in the expected loss, ΔL∗ =
∑n

i=2 Δd∗
i (pi − P (si)) and ΔL̃ =

∑n
i=2 Δd̃i(pi − P (si)), the sum of which is the total change
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in loss; that is, ΔL = ΔL̃ + ΔL∗.

3.3.1 Event-aggregation effect

Because consumption in the default state s1 does not change in the event-aggregation

step, we have Δd∗
i = −Δc∗i . Thus, deductibles will increase for the more expensive events and

decrease for the cheaper events. Such behavior suggests the desire to redistribute insurance

demand from the more expensive sub-events in B to the cheaper ones.

The next proposition characterizes the event-aggregation effect on the insurer’s losses.

Proposition 1. If Assumption 1 holds, then

ΔL∗ =
∑

si∈B

P (si)Δc∗i =
P (B)

γ

(

1 −

∑
Sk∈B P (Sk|B)φ′(VSk

(s))
∑

Sk∈B

pSk

pB
φ′(VSk

(s))

)

.

Moreover, φ is concave (convex) if and only if ΔL∗ > (<)0 for all values of prices pi,

probabilities P (si), and income I.

First, the change in losses corresponds to the change in premium,
(
−
∑

si∈B piΔd∗
i

)
, less

the change in the expected reimbursement,
(∑

si∈B P (si)Δd∗
i

)
. For the event-aggregation

effect, the premium is fixed; hence, the change in loss depends only on the redistribution of

insurance between the states in B, and it equals the change in expected consumption.

Second, the direction of the effect is defined by the relationship between the relative price

of event Sk in B,
pSk

pB
, and the conditional probability of event Sk given B, P (Sk|B). For

the more expensive events, the relative prices
pSk

pB
will be greater than the corresponding

conditional probabilities P (Sk|B). Moreover, by Lemma 2, for concave φ, the sequence

Δ{c∗i }si∈B satisfies single crossing from above. Our consumer redistributes insurance from

the more expensive events toward the cheaper ones. Such redistribution increases the loss of

the insurer. For convex φ, the effect is opposite.

3.3.2 Event-smoothing effect

Given that Δd̃i = Δs̃ − Δc̃i, Lemma 3 suggests the sequence of deductible changes in

states unaffected by aggregation, {Δd̃i : si ∈ Bc\{s1}}, is non-decreasing in i. Moreover,
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this deductible change sequence crosses zero from negative to positive exactly once.

Proposition 2. Under Assumptions 1 and 2, we have the following results:

(1) Suppose B is such that rB > rSk
for all Sk ∈ Bc, then for all values of prices, proba-

bilities and income, ΔL̃ > (<)0 if and only if φ is concave (convex).

(2) Suppose B is such that rB < rSk
for all Sk ∈ Bc, then for all values of prices, proba-

bilities and income, ΔL̃ < (>)0 if and only if φ is concave (convex).

(3) The function φ is concave (convex) if and only if ΔL̃ > 0 for all values of prices,

probabilities, and income and all events B such that rB ≥ r1 ≥ 1 (rB ≤ r1 ≤ 1).

Proposition 2 implies that the insurer experiences a higher loss (from event smoothing)

if he aggregates more expensive events when φ is concave or if he aggregates cheaper events

when φ is convex. To illustrate the intuition, consider the case of a concave φ and the

aggregated events are expensive; i.e., the price condition 1 ≤ r1 ≤ rB holds.

After aggregation, the marginal event value on B decreases, which results in a redistri-

bution of consumption from the event B to Bc. Because s1 is outside of event B, Δs̃ > 0.

Moreover, by Lemma 3 part (3), Δc̃i < 0 for si ∈ B, implying that the sequence of de-

ductible changes in B, {Δd̃i : si ∈ B}, is always positive. Furthermore, by Lemma 3 part

(2), for states in Bc, Δc̃i is non-increasing in i, implying that the sequence of deductible

changes Δd̃i (excluding s1) is non-decreasing in i. Hence, if the aggregate price of the states

in B is not cheaper than the price of s1—that is, rB ≥ r1—the full sequence of deductible

changes {Δd̃i}n
i=2 would cross zero from negative to positive (exactly once) at a state before

the event B. Then, by Lemma 10 in the Online Appendix, the change in loss from event

smoothing—ΔL̃—is a weighted average of all deductible changes with increasing weights.

And the conclusion follows. In other words, under the price condition, the event-smoothing

effect on loss is mostly driven by the redistribution of the insurance demand from the more

expensive events to cheaper events, implying a reduction in the overall premium paid for the

insurance policy.

Alternatively, when event B is so cheap that rB < r1, the event-smoothing effect on loss

is ambiguous because there are two effects at play that may go in opposite directions: (1)
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redistribution of insurance from B to other events; and (2) redistribution of insurance from

the more expensive events to the cheaper ones. The next example illustrates the role of the

price conditions 1 ≤ r1 ≤ rB and rB > rSk
.

Example 2. Suppose all else is the same as Example 1 but the prices are p2
1 = 0.2, p2

2 = 0.2,

p2
3 = 0.2, and p2

4 = 0.4 instead. So Assumptions 1 and 2 still hold, but r2
4 = 1.33 > r2

1 = 1 >

0.8 = r2
B. Then, the consumption choices and the decomposition of the difference in loss for

frames π and ρ become as shown in Table 2.

c1 c2 c3 c4 ΔL∗ ΔL̃ ΔL

π1 (convex) 10.3951 12.7286 8.0358 9.4203
-0.0108 0.0022 -0.0085intermediate1 (convex) 12.6927 8.0717

ρ1 (convex) 10.3862 12.7060 8.0850 9.4114

π1 (concave) 10.3727 12.6604 8.1086 9.4291
0.0104 -0.0021 0.0083intermediate1 (concave) 12.6950 8.0740

ρ1 (concave) 10.3811 12.6824 8.0615 9.4375

Table 2: Changes of consumption and losses after one-step aggregation.

Again, we can express ΔL∗ and ΔL̃ as functions of η on (0, 1.6), which is illustrated by

Figure 2.

Observation 2. When B is cheaper than the default state (rB < r1 ≤ 1), φ is concave (con-

vex) if and only if both ΔL∗ is positive (negative) and ΔL̃ is negative (positive). Moreover,

ΔL∗ is monotonically decreasing in η and ΔL̃ is monotonically increasing in η.

Observe that in Example 2, the event-aggregation effect is still in the same direction as

before, but relaxing the price condition reverses the sign of the event-smoothing effect in

both cases.

Examples 1 and 2 have the same parameters except for the relative prices, implying the

change in the price condition rB ≥ r1 ≥ 1 for concave φ case, and we also have the change

in condition rB > rSk
for convex φ case. Example 1 satisfies the condition rB ≥ r1 ≥ 1,

whereas r2
1 = 1 > 0.8 = r2

B in Example 2. Observe that in Example 2, the event-aggregation

effect is still in the same direction as before, but relaxing the price condition reverses the
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Figure 2. The figure plots the event-aggregation effect ΔL∗ (the blue dotted curve) and
the event-smoothing effect ΔL̃ (the orange curve) as a function of η (the relative event-risk
aversion/loving parameter). When 0 < η < 1, φ is concave; when 1 < η < 1.6, φ is convex.
The parameters are given by Example 2, with γ = 0.3 and 1 = r1 > rB.

sign of the event-smoothing effect in both cases. Therefore, the price condition allows us

to predict the direction of the loss change for both effects in Example 1 and hence to know

the direction of the total loss change unambiguously. At the same time, we are still able to

establish the direction of the event-aggregation effect in Example 2, but we cannot say the

same about the event-smoothing effect.

3.3.3 Total effect

Combining the two effects analyzed in Proposition 1 and part (1) of Proposition 2, we

immediately have the following theorem.

Theorem 1. Under Assumptions 1 and 2, we have the following

(1) Suppose B is such that rB > rSk
for all Sk ∈ Bc, then for all values of prices, proba-

bilities and income, ΔL > (<)0 if and only if φ is concave (convex).

(2) Suppose B is such that rB ≥ r1 ≥ 1, then for all values of prices, probabilities, and

income, ΔL > 0 if and only if φ is concave.
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In other words, ΔL = ΔL∗+ΔL̃ > (<)0 for all values of prices, probabilities, and income

if and only if φ is concave (convex), as long as the aggregated event B is the most expensive

one in the partition ρ. So aggregating the most expensive event hurts profit if and only if φ

is concave but raises profit whenever φ is convex.

Our analysis also sheds light on the design of insurance contracts in practice. For instance,

consider the case with a concave φ; Theorem 1 (2) implies the following: when u is CARA and

φ is concave and DARA, ΔL = ΔL∗+ΔL̃ > 0 as long as rB ≥ r1 ≥ 1. The event-aggregation

effect redistributes the insurance demand from the expensive sections to the cheaper ones

inside B, and the event-smoothing effect redistributes the insurance from section B to the

other sections. Therefore, whenever section B is expensive enough, both effects have the

same direction and increase the total loss. An immediate implication is that disaggregating

expensive events would lead to a decrease in losses. Hence, the insurer should keep the

expensive sections separate from one another. To raise profit, the insurer only needs to

slightly tweak its DS by separating events that are more expensive than the default state s1.

Standard methods to promote profit, such as higher premiums, more obfuscated contract

terms, or more intricate price-discrimination schemes, can cost the firm heavily in market

share or administrative expenses. Unlike these methods, the change proposed here is easy

to implement. The firm only needs to redesign the presentation of its policy booklet or

website, making sure the expensive states are listed separately. For instance, in the dental

insurance example mentioned previously, the category “major” includes “endodontic and

periodontics,” “major,” and “implants & related”, which would normally include the more

expensive procedures than preventive care.23 Our results indicate that when φ is concave, the

insurer will benefit if these categories are listed separately. Thus the finer DS by Manulife’s

policy could be more profitable than Spirit Dental & Vision. Alternatively, in the example of

health insurance, the category “extra” (which includes vision, dental, physio, and pharmacy)

is probably less expensive than “hospital”, and by Propositions 1 and 2 (b) would indicate that

lumping events would be more profitable. Thus the NIB’s policy could be more profitable

than Blue Cross Ontario’s. If the insurer finds out from demand data that φ is convex, then

23Note that even after normalizing the price by the probability, the price is likely to be very high for these
conditions.
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the opposite implications arrive.

3.4 Application II: sales maximization

Here we consider another application of our comparative static analysis of the impact of

framing on consumption.

Suppose the designer’s goal is to maximize expected sales or consumption. For instance,

the designer can be a mutual fund manager whose goal is to maximize the sales volume of

his fund;24 or a government official such as a central banker whose goal is to stimulate the

economy by encouraging consumption.

The designer’s problem of maximizing expected consumption by designing frame π is:

max
π∈Π

C(π) :=
n∑

i=1

P (Si)ci(π). (14)

Again we assume there is a default state s1 that is separated from the other events and

Π contains DSs of the form π = {{s1}, S2, . . . , SN}.25 An aggregation of π to ρ lumps some

sections Sk, Sk+1, . . . , Sk+t where k > 1 into an event B.

The designer also compares the impact of one-step aggregation from frame π to ρ on the

expected consumption. Applying the decomposition method, the designer wants to know

changes to expected consumption in the aggregation step, denoted ΔC∗ =
∑

si∈B P (si)(c
∗
i −

ci(π)), and the changes to expected consumption in the event-smoothing step, denoted ΔC̃ =
∑n

i=1 P (si)(ci(ρ) − c∗i ). Again we characterize the comparative statics to the designer’s goal

in terms of the consumer’s framing preferences.

Proposition 3. (1) If Assumption 1 holds, then φ is concave (convex) if and only if

ΔC∗ > (<)0 for all values of prices pi, probabilities P (si), and income I.

(2) If Assumptions 1 and 2 hold, then the following results hold:

(i) Suppose B is such that rB > rSk
for all Sk ∈ Bc, then for all values of prices,

probabilities and income, ΔC̃ > (<)0 if and only if φ is concave (convex).

24This is reasonable if only the investors bear the actual realized gains or losses of the fund.
25For this application, it is natural to consider a default benchmark of return state s1, which is either zero

return or a return at the risk-free interest rate.
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(ii) Suppose B is such that rB < rSk
for all Sk ∈ Bc, then for all values of prices,

probabilities and income, ΔC̃ < (>)0 if and only if φ is concave (convex).

(iii) φ is concave (convex) if and only if ΔC̃ > 0 for all values of prices, probabilities,

and income, and all events B such that rB ≥ r1 ≥ 1 (rB ≤ r1 ≤ 1).

Thus, a designer aiming to maximize consumption volume will benefit from aggregating

the most expensive events when the consumer is event-risk averse and from disaggregating

the cheapest events when the consumer is event-risk loving.26

4 A partial characterization of optimal DS

So far, we have focused on the comparative statics analysis from a relatively “small”

change—a one-step aggregation of the expensive sections—of the current frame. The natural

question is to find the frame that solves the designer’s optimization problem (9). In this

section, we provide a partial characterization of the optimal frame in terms of necessary

conditions, illustrate a procedure for the designer to eliminate never-optimal frames, and

discuss the computational complexity of the full solution to the designer’s problem.

For simplicity, we focus on the CARA case when u(∙) satisfies Assumption 1 and φ(∙)

satisfies Assumption 2, and the insurer’s problem is the one studied in section 3.3.

Corollary 1. Suppose u(∙) satisfies Assumption 1 and φ(∙) satisfies Assumption 2. Let π∗

be any optimal frame.

(i) If φ is concave, then π∗ does not contain a non-singleton event B for which either of

the two conditions hold: rB ≥ r1 ≥ 1 or rB > rSk
for all Sk ∈ Bc.

(ii) If φ is convex, then π∗ does not contain separate events Sk1,.. Skm (m ≥ 2) that can be

aggregated into an event B := ∪m
l=1Skl

such that rB > rSk
for all Sk ∈ π∗ and Sk ∈ B.

Proof. (i) Suppose φ is concave and the optimal frame π∗ has such an event B and rB ≥

r1 ≥ 1. In this case, π∗ cannot be optimal, because by Proposition 1 and Proposition 2,

26The same analysis extends to the monotonic aggregation case. We omit the details to avoid repetition.
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disaggregating event B would increase the profit. By analogous arguments, π cannot contain

event B that is the most expensive among all events in π∗.

(ii) Suppose φ is convex and the optimal frame π∗ contains separate events Sk1 ,.. Skm

(m ≥ 2) that could be aggregated into an event B where rB is strictly more expensive than

all other events in π∗. Then by Proposition 1 and Proposition 2, aggregating these events

lead to a strictly higher profit and π∗ is not optimal.

Consider any DS π, if some non-singleton event B is more expensive than state s1, that

is, rB ≥ r1(≥ 1), and φ is concave, then by Proposition 1 and Proposition 2, disaggregating

event B will increase the profit. An opposite result holds for convex φ.

Applying the above procedure inductively, we can eliminate each frame in Π(n) that is

dominated and thus never optimal. We illustrate it by our lead examples below.

Example 3. Consider Example 1 again.27 Given the prices and probabilities, the probability-

adjusted prices for all events are: r1 = 1; r2 = 5
4
; r3 = 2; r4 = 1

3
; r{s2,s3} = 7

5
; r{s2,s4} =

6
7
; r{s3,s4} = 3

4
; r{s2,s3,s4} = 1.

(i) Consider the case when φ is concave. In this problem, r1 = 1; hence, an optimal DS

cannot include events {s2, s3} and {s2, s3, s4}. In addition, our results allow us to com-

pare some of the DSs. For example, the frame {{s1}, {s2, s3, s4}} will be worse than any

other frame because no matter which events we aggregate into {s2, s3, s4}, r{s2,s3,s4} ≥

r1. Thus, the insurer should consider only {{s1}, {s2}, {s3, s4}}, {{s1}, {s3}, {s2, s4}},

and {{s1}, {s2}, {s3}, {s4}} as possibly optimal frames.

(ii) Now suppose φ is convex. We search for the optimal π∗ using Corollary 1 (ii). Then,

{{s1}, {s2}, {s3}, {s4}} cannot be optimal, because aggregating {s2}, {s3} will lead to

a higher profit as r{s2,s3} > r1 > r4. Therefore the insurer should consider only

{{s1}, {s2}, {s3, s4}}, {{s1}, {s3}, {s2, s4}}, {{s1}, {s2, s3}, {s4}}, and {{s1}, {s2, s3, s4}}

as possibly optimal.

Moreover, for convex φ, the procedure from Corollary 1 cannot further eliminate frames

that are never optimal due to the tie r{s2,s3,s4} = 1 = r1. However, if we slightly perturb

27 A similar analysis applies to Example 2.
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p1 and p4 so that we have r{s2,s3,s4} = 1 + ε > r1 = 1 − ε1 for some arbitrarily small

ε, ε1 > 0. Then for the first example, we can continue the above procedure and further

eliminate {{s1}, {s2}, {s3, s4}} as aggregating {s2}, {s3, s4} will increase profit. Similarly,

other frames {{s1}, {s3}, {s2, s4}}, {{s1}, {s2, s3}, {s4}} are not optimal because aggregating

each of them into {{s1}, {s2, s3, s4}} will increase profit. As a result, only {{s1}, {s2, s3, s4}}

is optimal.

In summary, the conditions from Corollary 1 can be applied to eliminate iteratively any

frame that is strictly worse than another frame.

We end with a discussion on the complexity of a full characterization of the optimal

frames. The ultimate open question is to identify the sufficient and necessary conditions

for the optimal frames. Such a complete characterization of optimality can be challenging

for a few reasons. First, the optimal frame design problem is very complex. To see this,

let |Ω| = n and Π(n) be the set of DSs with n states. To find the optimal DS, the insurer

chooses the DS to minimize loss:

min
π∈Π(n)

L(π) =
n∑

i=1

ci(π)(P (si) − pi).

This is a combinatorial optimization problem with a non-linear objective function, where the

cardinality of the constraint set Π(n + 1) grows faster than the exponential speed in n.28 If

the number of states is large, which is very realistic in the context of health insurance and

financial investment, the designer’s optimization problem is computationally complex. And

such complexity still prevails even when the insurer knows the specific u and φ functions.

Second, the subfamily of SASEU preferences obeying Assumptions 1 and 2 is still fairly large

and often limits tractability. Since our consumer has non-expected utility preferences, her

utility functional U(c1, . . . cn; π) no longer has the convenient linearity property with respect

to the probability or the contingent consumption vector, imposing a challenge to applying

standard tools for simplifying the problem. An interesting and perhaps more tractable open

28When |Ω| = n, the cardinality of the set Π(n) equals the number of different partitions of a (n − 1)-

element set. In particular, Π(n + 1) ≥ Cn = 1
n+1

(
2n
n

)

∼ 4n

n3/2
√

π
for large n, where Cn is the number of

non-crossing partitions of an n-element set.
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question is to find a tractable parametric subfamily of the SASEU preferences in which it is

possible to simplify the expression of L(π) or further narrow down the constraint set to an

even smaller subset of Π(n) to completely characterize the optimal DS.

5 Extensions and robustness

Next we discuss a few extensions of our main analysis from section 3.

5.1 The Monotonic aggregation case

In section 3, we focus on the special CARA-u case, where the assumptions and proofs

are simpler to state. Yet this assumption is not necessary for our main characterization—

most of our main insights remain true when u is DARA, as long as the frame aggregation

is “monotonic” and the curvatures of the u and φ indices are within some bounds. Below

we provide an informal summary of the general case and discuss how the intuition for the

CARA-u case can be adapted to prove the DARA-u case. The precise statements of the

assumptions and results for the DARA-u-monotonic-aggregation case are relegated to the

Online Appendix.

For the general case, we make the following assumptions: (1*) Function u is DARA,

i.e., Au(∙) is non-increasing. (2) Function φ still obeys Assumption 2. (3) The partition π

and its one-step aggregation ρ satisfy monotonicity : every event (except the default {s1})

in the partition π consists of states with only adjacently ranked prices and only adjacently

ranked events can be aggregated.29 (4) Functions u and φ satisfy some additional technical

assumptions: (i) Au(∙) cannot decrease “too rapidly” as consumption increases, and (ii) φ ◦u

cannot be “too concave” or “too convex” relative to u.

Observation 3. Under Assumptions (1*), (2)–(4), all the qualitative statements (about the

directions of changes) in Lemmas 2, 3, and Propositions 1, 2 remain true.

We briefly discuss the main intuitions behind Observation 3.

29This is the case when similarly priced states are lumped together, such as when all expensive dental
procedures are categorized under the section “major.”
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In the main analysis, the CARA-u assumption implies two properties necessary for our

characterization: (1) consumption ci decreases in i when states are ranked from cheap to

expensive; and (2) sequence { ri

Au(ci)
}n

i=2 is non-decreasing in i. Therefore, we can allow u to

be DARA and impose additional restrictions on the curvatures of φ(∙) and u(∙) to preserve

these necessary monotonic properties.

For the event-aggregation effect, the monotonicity of the consumption sequence delivers

the corresponding qualitative results for the consumer and the firm (Lemma 2 and Proposi-

tion 1). To obtain the monotonic consumption in the DARA-u case, first note that within

an event, consumption is always decreasing in state prices. However, to guarantee that con-

sumption does not jump up between adjacent states when moving from a cheaper event to a

more expensive event (due to the concavity of φ(∙)), it suffices to require that φ◦u cannot be

too concave relative to u. Therefore, the consumption sequence is monotonically decreasing,

and the claim follows.

For the event-smoothing effect to resemble that in Lemma 3 and Proposition 2, the

sequence { ri

Au(ci)
}n

i=2 must be non-decreasing in i. This property holds in the DARA-u case

if additionally Au(∙) does not change too rapidly with consumption and u is not too concave

relative to φ◦u (so φ is not too convex). The consumption at states in event B will decrease,

and consumption outside B will increase in the event-smoothing stage. Also, the sequence

of {Δc̃i}si∈Bc,i≥2 outside event B is non-increasing in i. By similar analysis, the relations

between concavity/convexity of φ, the relative expensiveness of event B, single-crossing

properties of the deductible changes sequence, and the change of insurer’s expected profit

characterized by Lemma 3 and Proposition 2 still hold in the DARA-u case.

5.2 Endogenous pricing

Our main model primarily explores framing design when the firm is a price-taker with

fixed prices p1, . . . , pn. The next example illustrates that the choice of DS is still relevant

when the market prices are endogenously determined.

Example 4. Suppose there are three states Ω = {s1, s2, s3}, and the firm is a monopolist

who can choose p1, p2, p3 to maximize pricing for each frame π. Let B = {s2, s3}.
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(1) Suppose the current frame is π1 = {{s1}, {s2}, {s3}} and the firm sets profit maximizing

prices p(π1; u, φ, P, I), which will be denoted p(π1). Consider two cases at p(π1):

(1i) r1
B > r1

1 and φ is convex. Then by Theorem 1, the firm’s profit is strictly higher

from offering frame π2 = {{s1}, {s2, s3}} instead.

(1ii) r1
B < r1

1 and φ is concave. Then the firm might benefit from aggregating to π2 if the

event-smoothing effect ΔL̃ < 0 dominates the event-aggregation effect ΔL∗ > 0.

(2) Now the frame is instead π2 = {{s1}, {s2, s3}}, and the firm sets profit maximizing

prices p(π2). Then, consider two cases at p(π2):

(2i) r2
B > r2

1 and φ is concave, by Theorem 1, the firm’s profit is strictly higher from

offering frame π1 = {{s1}, {s2}, {s3}} instead.

(2ii) r2
B < r2

1 and φ is convex, then the firm might benefit from disaggregating to π1 if the

event-smoothing effect ΔL̃ > 0 dominates the event-aggregation effect ΔL∗ < 0.

The firm will prefer to switch frames in cases (1i) and (2i), and it might wish to switch

in cases (1ii) and (2ii). So the optimal framing problem will not become redundant when the

firm has the price-setting market power.

5.3 Other weakly separable preferences

Our main results in section 3 are mostly for SASEU consumers. Yet the problem of

framing design relies only on the weak separability of preferences. Here we briefly discuss

how our method may be extended to two other families of weakly separable preferences: Ahn

and Ergin (2010) and Li (2020).

The Ahn and Ergin (2010) model characterizes a class of partition-dependent EU pref-

erences, to which many of our main insights apply. To illustrate, let C be the collection

of cells in all partitions and ν : C 7→ R+ be a non-negative support function such that
∑

Sk∈π ν(Sk) > 0 for all π ∈ Π. In this model, the consumption vector c = (c1, . . . , cn) needs

to be measurable with respect to the partition π. So the partition-dependent expected utility
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given by a pair (u, ν) takes the following form:

U(c; π) =
∑

Sk∈π

u(cSk
)Pπ(Sk),

where u is the standard vNM utility function, cSk
is the constant consumption level for all

states in a cell Sk from partition π, and Pπ is a probability given by

Pπ(Sk) :=
ν(Sk)∑

Sl∈π ν(Sl)
for all Sk ∈ π.

Say the support function ν is supermodular (submodular) if ν(A) + ν(B) ≤ (≥)ν(A ∪ B) +

ν(A ∩ B) for all A,B ∈ C.

For the Ahn-Ergin preferences, aggregation of events has two effects: (i) it alters the per-

ceived probability Pπ directly; (ii) it requires consumption to be constant on the aggregated

event B.

If we compare the FOCs for events Sk1 , . . . , Skt in π that are aggregated into event

B = ∪t
l=1Skl

in ρ, the FOCs for the π- and ρ-optimization problems are, for all l = 1, . . . , t,

u′(cSkl
) = λπ

pSkl

Pπ(Skl
)

(DP-π);

u′(c̃B) = λρ
pB

Pρ(B)
(DP-ρ).

We observe that (i) after aggregation, consumption at all states in section B becomes con-

stant; i.e., c̃i = c̃B for all si ∈ B; (ii) if ν is supermodular (submodular), the consumer is likely

to consume more (less) and allocate more (less) income to event B. To see this, note that

for a convex ν, Pρ(B) ≥ Pπ(Sk1) + . . . + Pπ(Skt) for the (disjoint) events that are aggregated

into B and Pρ(Sl) ≤ Pπ(Sl) for events Sl ∈ π ∩ ρ outside B. Therefore, after aggregation,

event B is perceived cheaper than before (note rρ,B = pB

Pρ(B)
≤ pB

Pπ(B)
= rπ,B) and events

in Bc are perceived more expensive. Thus, the consumer is likely to spend more on event

B. Consequently, an insurer would have incentives to aggregate expensive events in this

case, which resembles the results of our analysis of the SASEU with convex φ. The opposite

pattern holds for a concave ν.
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Another class of partition-dependent weakly separable preferences that contain the SASEU

and ambiguity preferences is Li (2020).30

Our framework of analyzing the effect of changing informational frames and some of our

analysis (e.g., the decomposition) can also apply to the more general model by Li (2020).

Nevertheless, our first-order approach depends on the differentiability of the utility functions

and thus does not directly apply to several classes of ambiguity-averse preferences. For

instance, the maxmin EU or variational preferences are not smooth. There the information

framing affects how ambiguous beliefs are updated, and solving for consumer demand requires

non-smooth analysis techniques. An appropriate approach is an interesting future research

priority.

6 Conclusion

In this paper, we study consumer demand with a class of partition-dependent weakly

separable preferences and its impact on a price-taking firm’s design of contingency framing.

We find that, for a class of preferences, whether combining or separating expensive events is

profit-enhancing is equivalently linked to a particular property of the consumer preferences—

whether she is more or less averse to across-event consumption risk than within-event con-

sumption risk (i.e., φ is concave or convex). Our results are robust to a few extensions such

as non-CARA utility function u and other partition-dependent expected utility (Ahn and

Ergin, 2010). The framing effect persists even if a monopolist designer endogenously deter-

mines prices. Our findings can shed light on the design of disclosure statements by sellers in

the asset market, such as insurance policy design or mutual fund descriptions, and inform

the design of optimal framing.

30Note the SASEU preferences model is probabilistically sophisticated.
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A Appendix

A.1 Proofs for the CARA case

A.1.1 Proof of lemma 1

Proof. The FOC suggests

P (si)φ
′(VSk

(s))e−γci = λπpi,

which implies

P (si)φ
′(VSk

(s))
1

γ
(1 − e−γci) =

1

γ
(P (si)φ

′(VSk
(s)) − λπpi)

P (Sk)φ
′(VSk

(s))P (si|Sk)u(ci) =
1

γ
(P (si)φ

′(VSk
(s)) − λπpi).

By adding up the above expression for all states si ∈ Sk, we obtain

P (Sk)φ
′(VSk

(s))
∑

si∈Sk

P (si|Sk)u(ci) =
1

γ
(P (Sk)φ

′(VSk
(s)) − λπpSk

)

P (Sk)φ
′(VSk

(s))VSk
(s) =

1

γ
(P (Sk)(φ

′(VSk
(s)) − λπpSk

)

φ′(VSk
)(1 − γVSk

) = λπ
pSk

P (Sk)
. (15)

In Eqn. (15), take VSk
as a fixed input. Take the certainty equivalent c̄Sk

:= u−1(VSk
)

conditional on Sk. Note the LHS of Eqn. (15) equals

φ′(u(c̄Sk
))(1 − γu(c̄Sk

)) = φ′(u(c̄Sk
))(u′(c̄Sk

)) = (φ(u(c̄Sk
)))′, (16)

where the first “=” is due to u′(c) = 1 − γu(c) for CARA u. Since φ ◦ u is strictly concave,

the LHS of Eqn. (15) is strictly decreasing in VSk
; hence, the greater the ratio

pSk

P (Sk)
, the

smaller the value VSk
(s).
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A.1.2 Proof of Lemma 2

Proof. Note Lemma 2 is a corollary of Lemma 12 in the Online Appendix, where we take

into account that Au(ci) = γ and α(Sk) =
pSk

pB
for the case of CARA u.

A.1.3 Proof of Proposition 1

Proof. The proof follows from that of Proposition 4 in the Online Appendix by setting

Au(ci) = γ.

A.1.4 Proof of Lemma 3

Proof. (1) Take any si ∈ Sk ∈ Bc, ci = c∗i and the ratio of the FOCs for (DP-π) and (DP-ρ)

is
λρ

λπ

=
φ′(ṼSk

)

φ′(VSk
)

u′(c̃i)

u′(ci)
.

By the Taylor approximation,

λρ

λπ

≈
φ′(ṼSk

)

φ′(VSk
)
[1 − Au(ci)Δc̃i] =

φ′(ṼSk
)

φ′(VSk
)
[1 − γΔc̃i].

Clearly, Δc̃i remains constant for all the states in Sk.

The proof for si ∈ B goes by analogy, except that we take the ratio of FOCs for B- and

ρ-aggregation problems, implying instead λρ

λB
on the left-hand side. It follows that Δc̃i is

constant on event B. This proves part (1) of the lemma.

Part (2) follows from Lemmas 5 and 6 below.

Part (3) follows directly from Proposition 5 in the Online Appendix in the general case.

A.1.5 Lemma 4

Lemma 4. If u and φ ◦ u are concave and three-times differentiable and Assumption 1

holds, then λπ > (=)λρ if and only if λρ > (=)(<)λB if and only if ΔIB < (=)(<)0 and

ΔIBc > (=)(<)0.
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Proof. The proof is similar to that of Lemma 14 in the Online Appendix. One only needs

to note that since u is CARA, by Eq. (15) and (16), and a similar expression for (DP-ρ), we

have for all Sk ∈ Bc:

λπ

λρ

=
φ′(VSk

)(1 − γVSk
)

φ′(ṼSk
)(1 − γṼSk

)
=

(φ(u(cCE
Sk

))′

(φ(u(c̃CE
Sk

))′
.

Since φ ◦ u is concave, by part (1) of Lemma 3, we have for all si ∈ Sk ∈ Bc:

λρ < λπ ⇔ Δc̃CE
Sk

> 0 ⇔ ΔṼSk
> 0 ⇔ Δc̃i > 0.

By the same argument, for any si ∈ Sk ∈ B, dividing similar aggregated FOCs in (DP-B)

and (DP-ρ) yields

λB

λρ

=
φ′(V ∗

B)(1 − γV ∗
B)

φ′(ṼB)(1 − γṼB)
=

(φ(u(cCE∗
B ))′

(φ(u(c̃CE
B ))′

.

Since φ ◦ u is concave, by part (1) of Lemma 3, we have for all si ∈ Sk ∈ B:

λρ > λB ⇔ Δc̃CE
B < 0, Δc̃i < 0 ⇔ ΔIB < 0.

The rest of the proof is the same as that of Lemma 14 in the Online Appendix.

A.1.6 Lemma 5

Lemma 5. ΔṼSk
≈ Δc̃Sk

(1 − γVSk
).

Proof. By definition,

V ∗
Sk

=
∑

si∈Sk

P (si|Sk)u(c∗i ) =
∑

si∈Sk

P (si|Sk)
1

γ
(1 − e−γc∗i ).
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Hence,

ΔṼSk
=

∑

si∈Sk

P (si|Sk)
1

γ
(1 − e−γc∗i ) −

∑

si∈Sk

P (si|Sk)
1

γ
(1 − e−γc̃i)

=
∑

si∈Sk

P (si|Sk)
1

γ
(e−γc̃i − e−γc∗i )

≈
∑

si∈Sk

P (si|Sk)
1

γ
(e−γc∗i γΔc̃i) (17)

=

[
∑

si∈Sk

P (si|Sk)
1

γ
(e−γc∗i )

]

γΔc̃Sk
, (18)

where Eq. (17) uses the Taylor approximation and Eq. (18) uses the first part of Lemma 3.

Thus,

Δc̃Sk
− ΔṼSk

=

[
∑

si∈Sk

P (si|Sk)
1

γ
(1 − e−γc∗i )

]

γΔc̃Sk
= VSk

(s∗)γΔc̃Sk

ΔṼSk
= (1 − γVSk

(s∗))Δc̃Sk
.

A.1.7 Lemma 6

Lemma 6. Suppose u is CARA and |A′
φ(∙)| ≤ 0, then for Sk, Sl ∈ Bc, VSk

> VSl
if and only

if Δc̃Sk
> Δc̃Sl

.

Proof. For any Sk ∈ Bc, no consumption change occurs under the aggregation effect, and

hence V ∗
Sk

= VSk
. The ratio of FOC from (DP-π) and (DP-ρ) implies

φ′(ṼSk
)

φ′(VSk
)

u′(c̃i)

u′(ci)
=

λρ

λπ

.

39



Substituting the CARA functional forms of u implies

(
φ′(ṼSk

)

φ′(VSk
)

)
e−γc̃i

e−γci
=

λρ

λπ
(

1 +
φ′′(VSk

)ΔṼSk

φ′(VSk
)

)

e−γΔc̃i ≈
λρ

λπ

(19)

(
1 − Aφ(VSk

)ΔṼSk

)
e−γΔc̃Sk ≈

λρ

λπ

, (20)

where Eq. (19) follows from the Taylor approximation and Eq. (20) follows from part (1) of

Lemma 3. And substituting the expression from Lemma 5 yields

[1 − Aφ(VSk
)(1 − γVSk

)Δc̃Sk
] e−γΔc̃Sk ≈

λρ

λπ

. (21)

Note for a given value of VSk
, Δc̃Sk

is determined by VSk
via Eq. (21), whereas VSk

does

not depend on Δc̃Sk
. For simplicity, use notation x for VSk

, y for Δc̃Sk
, and F (x, y) for the

left-hand side of Eq. (21). Let y(x) be the implicit function that determines the value of y

for each x that solves Eq. (21), which is F (x, y(x)) = λρ

λπ
. As the expression below shows,

by the implicit function theorem, because the regularity condition ∂F/∂y 6= 0 clearly holds,

the function y(x) is differentiable and

dy(x)

dx
= −

∂F/∂x

∂F/∂y
= −

−A′
φ(x)(1 − γx)ye−γy + Aφ(x)γye−γy

e−γy[−γ(1 − Aφ(x)(1 − γx)y) − Aφ(x)(1 − γx)]
(22)

= −y ∙
−A′

φ(x)(1 − γx) + Aφ(x)γ

−γ[1 − Aφ(x)(1 − γx)y] − Aφ(x)(1 − γx)
.

Note γ > 0 and 1 − γx > 0 as x = VSk
∈ (0, 1

γ
).

For concave φ, Aφ > 0 and A′
φ ≤ 0 (by Assumption 2). Also, y = Δc̃Sk

> 0 for Sk ∈ ρ\B

(by Lemma 3 part (1) and Lemma 4) and −A′
φ(x)(1 − γx) + Aφ(x)γ > 0. By Eq. (21),

1 − Aφ(x)(1 − γx)y ≈ (λρ/λπ) ∙ eγy > 0. Since 1 − γx > 0, the denominator of Eq. (23) is

negative. Hence, the above derivative is positive ( dy(x)
dx

> 0). Therefore, Δc̃Sk
is increasing

in VSk
.

Next, for convex φ, Aφ < 0 and A′
φ ≥ 0 for convex φ; y = Δc̃Sk

< 0 for Sk ∈ ρ\B (by

Lemma 3 part (1) and Lemma 4) and −A′
φ(x)(1− γx) + Aφ(x)γ < 0. By using the fact that
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1 − Aφ(x)(1 − γx)y ≈ (λρ/λπ) ∙ eγy, we get that the denominator of dy(x)
dx

will be as follows:

−γ
λρ

λπ

eγy +
1

y

(
λρ

λπ

eγy − 1

)

=
1

y

(
λρ

λπ

eγy(1 − γy) − 1

)

.

Note that for convex φ, λρ

λπ
> 1, so eγy λρ

λπ
(1 − γy) > eγy(1 − γy) = 1 + O(y2). Given that

y < 0 for the convex case, we have that the denominator is negative. Additionally, −y > 0,

and under A′
φ > 0 for convex φ, the numerator is negative. Hence, dy(x)

dx
> 0, implying that

ΔcSk
is increasing in VSk

.

A.1.8 Proof of Proposition 2

Proof of Proposition 2 . Claims (1) and (2) are direct corollaries of Lemma 20 in the Online

Appendix. Note that when u is CARA, then α∗(SJ )
β∗(SJ )

= rJ for all SJ ∈ ρ.

To show claim (3), suppose φ is concave (convex). Because λB < (>)λπ, by Lemma 3,

we have (i) Δc̃B < (>)0 for all si ∈ B; (ii) Δc̃Sk
> (<)0 for all Sk ∈ Bc. Hence, Δs̃ > (<)0

and Δd̃B = Δs̃ − Δc̃B > (<)0 for all si ∈ B.

And for all Sk ∈ Bc, the following statements are equivalent: (i) rSk
≥ r1; (ii) ṼSk

≤ Ṽs1 ;

(iii) Δc̃Sk
≤ Δs̃; and (iv) Δd̃Sk

≥ 0.

We can define S+ = {Sk ∈ ρ : Δd̃Sk
≥ 0} and S− = {Sk ∈ ρ : Δd̃Sk

< 0}. Because

rB ≥ (≤)r1, B ∈ S+(B ∈ S−). Hence, minS+ rSk
≥ r1 > maxS− rSk

. Thus,

ΔL̃ =
∑

Sk∈ρ

pSk
Δd̃Sk

(

1 −
1

rSk

)

=
∑

Sk∈S+

pSk
Δd̃Sk

(

1 −
1

rSk

)

+
∑

SK∈S−

pSk
Δd̃Sk

(

1 −
1

rSk

)

>




∑

SK∈S+

pSk
Δd̃Sk




(

1 −
1

minS+ rSk

)

+




∑

SK∈S−

pSk
Δd̃Sk




(

1 −
1

maxS− rSk

)

≥

(

1 −
1

minS+ rSk

)∑

Sk∈ρ

pSk
Δd̃Sk

=

(

1 −
1

minS+ rSk

)

Δs̃ ≥

(

1 −
1

r1

)

Δs̃ ≥ 0,

where the last ≥ follows from Δs̃ > (<)0 and r1 ≥ (≤)1.
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Next, we show the “only if” direction. Fix u. Suppose ΔL̃ > 0 for all parameters values,

and we want to show that φ(∙) is concave on U = u(R+). Suppose not, then there exist an

interval Iε(u) = (ū − ε, ū + ε) in the domain of φ(∙), on which it is convex.

Then we can construct parameters that lead to a contradiction to ΔL̃ > 0.

First we pick pi = P (si) so ri = r̄ is constant for all si ∈ Ω. The optimal consumption

vector is constant (regardless of π); i.e., ci = c = I
np
. Let income I be such that I :=

npu−1(ū), in which case the consumption satisfies u(ci) = ū ∈ Iε(u).

Next, notice that for fixed π and P , in (DP-π): the objective function U(c, π) is con-

tinuous in c, and by standard argument the budget constraint B(p, I) is a continuous cor-

respondence of p, I . By Berge’s Theorem of Maximum, the solution c∗(P, p, I) is upper

hemicontinuous in p and I. Since U(∙) is strictly concave, c∗(P, p, I) is single-valued and

hence is continuous in p and I.

For arbitrarily small ε > 0, there exists some δ > 0 such that for all p′ with ||p′ − p|| < δ,

||c∗(P, p, I) − c∗(P, p′, I)|| <
ε

2
.

Pick such a p′ that p′i−pi is increasing in i, so ri is increasing in i and such that rB > (<)rSk

for all Sk ⊆ Bc. So we can find some optimal consumption c = c∗(P, p′, I) to (DP-π) that is

not a constant vector and ci ∈ Iε(u) for all i.

Since φ(∙) is locally convex on interval Iε(u), for (DP-π) with parameters P, p′, I and

non-constant solutions c with u(c) ∈ Iε(u)n. By the “only if” direction, ΔL̃ < 0 for these

parameter values. In this case, by claims (1) and (2) above, we have ΔL̃ < 0, and hence we

have a contradiction.

A.1.9 Proof of Proposition 3

Proof of Proposition 3. By definition, for (DP-π) and its solution ci(π):

C(π) =
n∑

i=1

P (Si)ci(π), L(π) =
n∑

i=1

(P (Si) − pi)ci(π).
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By the Walras’ law,
∑n

i=1 pici(π) = I for every (DP-π). So C(π) = L(π) − I.

By the same argument, C∗ = L∗ − IB and C(ρ) = L(ρ) − I. So ΔC∗ = ΔL∗ and

ΔC̃ = ΔL̃. The two claims follow the same arguments from our main results.
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B Online appendix

B.1 Quantitative analysis

In this section, we provide general characterizations of the event-aggregation and event-

smoothing effects that rely solely on concavity and differentiability of u and φ. For this

purpose, we first define the risk-adjusted prices and probabilities, which are building blocks

of our analysis.

Definition 1. For any event Sj ∈ B and Sk ∈ ρ, the risk-adjusted relative price and condi-

tional probability at Sj are

α(Sj) =

∑
si∈Sj

pi

Au(ci)∑
si∈B

pi

Au(ci)

and β(Sj) =

∑
si∈Sj

P (si)
Au(ci)

∑
si∈B

P (si)
Au(ci)

,

whereas the post-aggregation risk-adjusted relative price and conditional probability at Sk are

α∗(Sk) =

∑
si∈Sk

pi

Au(c∗i )∑
si∈Ω

pi

Au(c∗i )

and β∗(Sk) =

∑
si∈Sk

P (si)
Au(c∗i )

∑
si∈Ω

P (si)
Au(c∗i )

.

Example 5. If u(∙) is CARA, then α(Si) =

∑
sj∈Si

pj
∑

sj∈B pj
=

pSi

pB
is the price of $1 contingent claim

in event Si relative to that in event B and β(Si) =

∑
sj∈Si

P (sj)
∑

sj∈B P (sj)
= P (Si)

P (B)
is the probability

of event Si conditional on event B. Alternatively, if u(∙) is constant relative risk averse

(CRRA); that is, u(x) = ln x or u(x) = xρ, then α(Si) =
ISi

IB
is the share of event Si’s

income in IB and β(Si) =

∑
sj∈Si

P (sj)cj
∑

sj∈B P (sj)cj
is the ratio of expected consumption on Si to expected

consumption on B.

B.1.1 General characterization of the event-aggregation effect

We start with the event-aggregation effect on Δc∗ and ΔL∗.

Define ΓSi
= 1−

u′(c∗j )

u′(cj)
, which is the change in marginal (state) utility at sj ∈ Si ∈ B. Note

the first-order conditions require that such change is constant for all the states in an event.

The following lemmas provide the exact formula for the change in marginal (state) utility

together with the event-aggregation effect for consumption and loss in terms of consumer’s
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vNM utility u, aggregation function φ, consumption at the original frame π, the risk-adjusted

relative prices α(Sk), and the risk-adjusted conditional probabilities β(Sk).

Lemma 7. If u and φ ◦ u are strictly concave and three-times differentiable, then for any

state sj ∈ Si and event Si ∈ B, the event-aggregation effect on consumption is

Δc∗j =
ΓSi

Au(cj)
,

ΓSi
= 1 −

φ′(VSi
(s))

∑
Sk∈B α(Sk)φ′(VSk

(s))
.

Proof. The ratio of the FOCs between the (DP-π) and the (DP-B) suggests that for any

sj ∈ Si and Si ∈ B,
u′(c∗j)

u′(cj)
=

λB

λπ

φ′(VSi
(s))

φ′(VB(s∗))
.

Then, by the Taylor expansion, we get

1 − Au(cj)Δc∗j ≈
λB

λπ

φ′(VSi
(s))

φ′(VB(s∗))
,

Au(cj)Δc∗j ≈ 1 −
λB

λπ

φ′(VSi
(s))

φ′(VB(s∗))
= ΓSi

.

Hence, Δc∗j ≈
ΓSi

Au(cj)
. Now denote η = λB

λπφ′(VB(s∗))
and also notice that η does not depend on

specific states or events inside B. In addition, ΓSi
= 1 − ηφ′(VSi

(s)).

Denote ω(Sk) =
∑

si∈Sk

pi

Au(ci)
. Finally, note that income in event B is fixed, so

∑
sj∈B Δc∗jpj =

0, which implies

∑

sj∈B

Δc∗jpj ≈
∑

sj∈B

pj

Au(cj)
ΓSi

=
∑

Sk∈B

ΓSk

∑

sj∈Sk

pj

Au(cj)
=
∑

Sk∈B

ΓSk
ω(Sk)

=
∑

Sk∈B

(1 − ηφ′(VSk
(s)))ω(Sk) = ω(B) − η

∑

Sk∈B

ω(Sk)φ
′(VSk

(s)) = 0,

implying η = 1∑
Sk∈B α(Sk)φ′(VSk

(s))
, and the results follow.

The next lemma suggests that the relationship between the risk-adjusted relative prices

α(Sk) and the risk-adjusted conditional probabilities β(Sk) defines the direction of the effect:

If the events with the lower values have “greater” risk-adjusted relative prices than their risk-
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adjusted conditional probabilities, the event-aggregation effect on loss will be positive. The

loss would increase because the consumer would redistribute insurance demand from the

more expensive events toward cheaper events.

Lemma 8. If u and φ ◦ u are strictly concave and three-times differentiable, then:

ΔL∗ =
∑

si∈B

P (si)Δc∗i =

(
∑

si∈B

P (si)

Au(ci)

)(

1 −

∑
Sk∈B β(Sk)φ

′(VSk
(s))

∑
Sk∈B α(Sk)φ′(VSk

(s))

)

. (23)

Proof. Because
∑

si∈B piΔc∗i = 0 and by taking into account Lemma 12, we have

ΔL∗ =
∑

si∈B

(pi − P (si)) (−Δc∗i ) = −
∑

si∈B

piΔc∗i +
∑

si∈B

P (si)Δc∗i

=
∑

si∈B

P (si)Δc∗i =
∑

Sj∈B

ΓSj

∑

si∈Sj

P (si)

Au(ci)
=
∑

si∈B

P (si)

Au(ci)

∑

Sj∈B

ΓSj
β(Sj)

=
∑

si∈B

P (si)

Au(ci)

∑

Sj∈B

β(Sj)

(

1 −
φ′(VSj

(s))
∑

Sk∈B α(Sk)φ′(VSk
(s))

)

=
∑

si∈B

P (si)

Au(ci)

(

1 −

∑
Sk∈B β(Sk)φ

′(VSk
(s))

∑
Sk∈B α(Sk)φ′(VSk

(s))

)

.

B.1.2 General characterization of the event-smoothing effect

Denote by ESk
=
∑

si∈Sk
P (si|Sk)

u′(c∗i )

Au(c∗i )
the risk-adjusted average marginal (state) utility

on event Sk ∈ ρ. By analogy to the event-aggregation effect, define Γ̃Si
= 1 − u′(c̃j)

u′(c∗j )
as the

change in marginal (state) utility in state sj ∈ Si ∈ ρ. As before, the first-order conditions

require that such change is constant for all the states in an event. Lemma 9 provides a

system of equations on Γ̃Si
that allows us to pin down the event-smoothing effect using the

consumer’s vNM utility u, aggregation function φ, prices, probabilities, consumption choices

at (DP-π) and (DP-B), as well as the ratio of the Lagrange multipliers λB

λπ
.

Lemma 9 (Event-smoothing effect). If u and φ ◦ u are strictly concave and three-times

differentiable, then for any si ∈ Sk ∈ ρ, the event-smoothing effect can be calculated as
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Δc̃i ≈
Γ̃Sk

Au(c∗i )
, where λρ

λπ
and Γ̃Sk

solve the following system of equations:

λρ

λπ

= (1 − Aφ(VSk
(s))Γ̃Sk

ESk
)(1 − Γ̃Sk

) for any Sk ∈ ρ\B (24)

λρ

λπ

=
λB

λπ

(1 − Aφ(VB(s∗))Γ̃BEB)(1 − Γ̃B)

0 =
∑

Sk∈ρ

α∗(Sk)Γ̃Sk
,

where
λB

λπ

=
φ′(VB(s∗))

∑
Sk∈B α(Sk)φ′(VSk

(s))
.

Proof. Consider first si ∈ Sk ∈ ρ\B, the ratio of the FOCs for (DP-π) and (DP-ρ) is

λρ

λπ

=
φ′(VSk

(s̃))

φ′(VSk
(s))

u′(c̃i)

u′(ci)
;

however, note

φ′(VSk
(s̃))

φ′(VSk
(s))

≈ 1 +
φ′′(VSk

(s))

φ′(VSk
(s))

ΔṼSk
(s) = 1 − Aφ(VSk

(s))ΔṼSk
(s)

u′(c̃i)

u′(ci)
≈ 1 +

u′′(ci)

u′(ci)
Δc̃i = 1 − Au(ci)Δc̃i,

implying
λρ

λπ

≈ (1 − Aφ(VSk
(s))ΔṼSk

(s))(1 − Au(ci)Δc̃i).

Denote Γ̃Sk
= 1 − λρ

λπ

φ′(VSk
(s))

φ′(VSk
(s̃))

≈ Au(ci)Δc̃i. Then, Δc̃i ≈
Γ̃Sk

Au(ci)
=

Γ̃Sk

Au(c∗i )
since the events

not in B are not affected by the event-aggregation effect. Also, note

ΔṼSk
(s) =

∑

si∈Sk

P (si|Sk)(u(c̃i) − u(ci)) ≈
∑

si∈Sk

P (si|Sk)u
′(ci)Δc̃i = Γ̃Sk

ESk
.

Hence,
λρ

λπ

≈ (1 − Aφ(VSk
(s))Γ̃Sk

ESk
)(1 − Γ̃Sk

).

And so we have obtained a quadratic equation for Γ̃Sk
.

The proof for the event B goes by analogy, with the exception that we should take
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the ratio of the FOCs from (DP-ρ) and (DP-B), implying λρ

λB
would appear instead of λρ

λπ
.

However, note λρ

λB
= λρ

λπ

λπ

λB
. And the second equation follows.

Finally, note the total income does not change, so the sum of the change in income must

be zero:

0 =
∑

si∈Ω

piΔc̃i ≈
∑

si∈Ω

pi

Au(c∗i )
Γ̃Sk

=
∑

Sk∈ρ

Γ̃Sk

∑

si∈Sk

pi

Au(c∗i )
=
∑

Sk∈ρ

α∗(Sk)Γ̃Sk
.

Analogous to the event-aggregation effect, the event-smoothing effect on loss equals the

expected change in consumption. Lemma 9 requires
∑

Sk∈ρ α∗(Sk)Γ̃Sk
= 0, which says that

the total income does not change. On the other hand, the direction of the event-smoothing

effect on losses depends on the sign of
∑

Sk∈ρ β∗(Sk)Γ̃Sk
. Thus, the direction of the effect

again depends on the relationship between the post-aggregation risk-adjusted relative prices

α∗(Sk) and the post-aggregation risk-adjusted conditional probabilities β∗(Sk); however, this

relationship is less straightforward than that in the event-aggregation effect. Even so, we

are still able to see the direction of the effect is determined by whether event B is relatively

more expensive than the rest of the events.

Next, the event-smoothing effect on the insurer losses is as follows.

Lemma 10. Suppose u and φ ◦ u are three times differentiable and strictly concave. Then

ΔL̃ =
∑

si∈Ω

P (si)Δc̃i =

(
∑

si∈Ω

P (si)

Au(c∗i )

)
∑

Sk∈ρ

β∗(Sk)Γ̃Sk
.

Proof.

ΔL̃ =
∑

si∈Ω\{s1}

(pi − P (si)) (Δs̃ − Δc̃i) = −(p1 − P (s1))Δs̃ −
∑

si∈Ω\{s1}

(pi − P (si)) Δc̃i

= −
∑

si∈Ω

piΔc̃i +
∑

si∈Ω

P (si)Δc̃i =
∑

si∈Ω

P (si)Δc̃i =
∑

Sk∈ρ

Γ̃Sk

∑

si∈Sk

P (si)

Au(c∗i )

=

(
∑

si∈Ω

P (si)

Au(c∗i )

)
∑

Sk∈ρ

β∗(Sk)Γ̃Sk
.
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Finally, the total effect on the insurer’s loss is simply the sum of the two effects; that is,

ΔL = ΔL∗+ΔL̃. The exact quantity of change would depend on different relative prices and

conditional probabilities. Hence, even though we cannot predict unambiguously the direction

of profit change for preferences outside the families considered in sections 3 and B.2, the

general results in this subsection can educate a firm on how to make quantitative predictions

of consumption and profit changes following a one-step aggregation using numerical methods.

The method applies to any one-step aggregation (not necessarily restricted to expensive

events) and any concave and smooth utility and aggregation functions, as long as the firm

can observe current prices, income, and consumption and is willing to make functional-form

assumptions about consumer preferences.31

B.2 The monotonic aggregation case

In Section 3 of the main text, we have assumed that u is CARA (Assumption 1), which is

simplifying but not necessary for our analysis. In this section, we relax the CARA assumption

on u.

Assumption 3. u(∙) is DARA; i.e., Au(∙) is non-increasing.

Without Assumption 1, the comparative statics of consumption and the designer’s goal

after a one-step aggregation of frames becomes less tractable. We impose the following

monotonicity assumption on relative prices.

Assumption 4 (Monotonicity). In both π and ρ, states (other than {s1}) are ranked ac-

cording to their relative prices ri; that is, r2 < r3 < ∙ ∙ ∙ < rn.

Note that we can always relabel events in {Sk}N
k=2 so the relative price of the event rSk

is increasing in the index k = 2, . . . , N . Then the real bite of Assumption 4 is to allow us

to restrict attention to a subclass of DSs (π and ρ), in which every event Sk (other than

31 In applied work (e.g., empirical industrial organization), making functional form assumptions about
consumer utility with some unknown taste shocks is common. The firm can estimate the key parameters of
the utility and aggregator functions with consumption data, and then use the estimated utility and aggregator
functions as inputs to our quantitative analysis.

51



{s1}) in either π or ρ consists of states with adjacently ranked prices. This assumption is

reasonable in situations when similarly priced states are lumped together. For instance, con-

sider Manulife’s dental insurance described in the introduction. A typical contract groups

all covered services into six categories: “preventive,” “restorative,” “endodontic and periodon-

tic,” “major,” “implant and related services,” and “orthodontia,” with services becoming more

expensive as one moves from the first to the sixth category.32

Assumption 5. For all x ∈ R+, Pu(x) ≤ 2Au(x).

Assumption 5 is equivalent to either of the following two conditions: (a) g(x) = 1
u′(x)

is convex, (b) (1/Au(x))′ ≤ 1 the absolute risk tolerance (the reciprocal of Au(x)) cannot

increase faster than the speed of the consumption increase. Together with Assumption 3, it

requires that Au(∙) cannot increase or decrease too rapidly in consumption.33

Recall that we require both φ ◦ u and u to be concave, while φ could be either concave

or convex. The next three assumptions are technical restrictions on how φ ◦ u cannot be too

convex or too concave relative to u. For our analysis, they are needed to maintain certain

required monotonicity properties.

The next assumption says that φ cannot be too concave; i.e., Aφ◦u(∙)−Au(∙) has a positive

upper bound. It is only restrictive for concave φ.

Assumption 6. For all Sk ∈ π and all x ∈ R+, we have

(Aφ◦u(x) − Au(x))

(

max
si∈Sk

ci − min
sj∈Sk+1

cj

)

≤ 1 −
maxsi∈Sk

ri

minsj∈Sk+1
rj

.34

The next assumption is a technical assumption that imposes a negative lower bound for

Aφ◦u(∙) − Au(∙).

32 In this anecdote, the expenditure for a service is a proxy for the “expensiveness” of the state when it is
needed, which should be proportional to its (unobserved) price of the contingent claim.
332Au(x) ≥ Pu(x) has also been used in the classic risk analysis as a necessary and sufficient condition for

an EU agent to consume more in the face of a new favorable risky investment opportunity tomorrow (Gollier
and Kimball, 2018).
34Let cCE

Sk
= u−1(VSk

) be the certainty equivalent to consumption on event Sk. When information about
certainty equivalent to an event is also available, Assumption 6 can be replaced by the weaker requirement:

(Aφ◦u(cCE
Sk+1

) − Au(cCE
Sk+1

))(cCE
Sk

− cCE
Sk+1

) ≤ 1 −
maxsi∈Sk

ri

minsj∈Sk+1 rj
.
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Let si ∈ Sk be the most expensive state in Sk and si+1 ∈ Sk+1 be the cheapest state

in Sk+1. Denote x̄ = mini,k
ci+1−ci

cCE
Sk+1

−cCE
Sk

, where cCE
Sk

= u−1 (VSk
) is the certainty equivalent on

event Sk. For all Sk ∈ ρ, let ySk
:=
∑

si∈Sk
P (si|Sk)

1
Au(c∗i )

; note ySk
> 0.

Assumption 7. For all x ∈ R+,

Aφ◦u(x) − Au(x) ≥ max

{

x̄(Pu(x) − 2Au(x)),−min
Sk∈ρ

1

ySk

}

. (25)

Note that x̄(Pu(x) − 2Au(x)) < 0 and −minSk∈ρ
1

ySk

< 0, so the right-hand side of Eqn.

(25) is negative. This assumption has no bite when φ is concave and the left-hand side of Eqn.

(25) is positive. Therefore, this assumption is only restrictive for a convex φ. Intuitively, it

requires that φ(∙) cannot be too convex.

The next lemma says that if ri is increasing in i, the event value VSk
is decreasing in the

event index k. If additionally φ ◦ u is not too concave compared to u (Assumption 6), the

consumption sequence ci is also decreasing in i.

Lemma 11 (Monotonicity). If Assumption 4 holds, then for any 1 < k < l , VSk
> VSl

.

Moreover, if Assumption 6 also holds, then for all 1 < i < j, ci > cj.

In Lemma 11, monotonicity of event value VSk
follows from concavity of ψ(∙) = φ ◦ u(∙)

via standard arguments. To obtain monotonicity of the consumption sequence, note the

FOC
φ′(VSk

)

φ′(VSk+1
)
∙
u′(ci)

u′(cj)
=

ri

rj

,

where si is the most expensive state in Sk and sj is the cheapest state in Sk+1. When φ is

convex, the monotonicity of consumption follows directly from this FOC. However, if φ is

concave, we need to ensure that the marginal rate of substitution (in φ) between events Sk

and Sk+1 is not too small that consumption at the border of two adjacent events (ci to cj)

would have to jump up. Assumption 6 rules out this possibility.

For monotonic partitions, we obtain similar characterizations of patterns of the event-

aggregation effect in terms of the single-crossing property of the {Δc∗i }si∈B sequence and the

sign of ΔL∗.

Proposition 4. The following statements hold for the event-aggregation effect.
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(1) If Assumption 4 holds, then φ is concave (convex) if and only if {Δc∗j}j∈B satisfies

single-crossing from above (below) for all values of prices pi, probabilities P (si), and

income I.

(2) If Assumptions 3, 4, 6 hold, then, φ is concave (convex) if and only if ΔL∗ > (<)0 for

all values of prices pi, probabilities P (si) and income I.

The intuition is similar to the CARA case. One only needs to note that the sequence
{

1
Au(ci)

: si ∈ B
}
is decreasing in i, whereas it was constant-valued in the CARA u case

above.

For the event-smoothing effect, we need additional Assumptions 5, 7 to obtain a charac-

terization of income redistribution, consumption changes, and the designer’s objective similar

to that in the CARA case.

Proposition 5. Suppose Assumptions 2, 3, 4, 5, 6 , 7 hold. Then, the following statements

are equivalent:

(1) φ is concave (convex);

(2) λB < (>)λρ < (>)λπ for all values of prices pi, probabilities P (si), and income I;

(3) Δc̃i < (>)0 for all si ∈ B and Δc̃j > (<)0 for all sj ∈ Bc for all values of prices pi,

probabilities P (si), and income I;

(4) ΔL̃ > 0 for all values of prices pi, probabilities P (si), and income I, and all events B

such that 1 ≤ r1 < minsj∈Sl+1
rj (maxsj∈Sl−1

rj < r1 ≤ minsj∈Bc:rj>r1 rj ≤ 1).

While more technical, the main intuition is similar to the results from the CARA case;

one only needs to know that the event value is weighted by the risk-adjusted price { ri

Au(ci)
}n

i=2.

Consider concave φ. In the CARA case, since Au(ci) = γ, this adjusted price is increasing

in i for all i ≥ 2. In the monotonic aggregation case, we need additional Assumptions 5,

7 to ensure that the sequence { ri

Au(ci)
}n

i=2 is non-decreasing in i. Consequently, the event-

smoothing effect implies that consumption decreases in states in B and increases in states

outside B. Moreover, Assumptions 5 and 7 imply the sequence of {Δc̃i}si∈Bc,i≥2 outside event
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B is non-increasing in i.35 By arguments similar to the CARA case, the deductible sequence

{Δd̃i}n
i=2 satisfies single-crossing from below to above, which leads to a higher expected loss

for the designer. For convex φ, the intuition is analogous.

B.3 Proofs for the monotonic aggregation case

B.3.1 Proof of Lemma 11

Proof of Lemma 11. First, note consumption inside each event is monotonic due to the

FOCs
u′(ci)

u′(cj)
=

ri

rj

.

Because u is concave, ri < rj implies ci > cj for si, sj ∈ Sk.

(i) First, consider concave φ. Suppose not and VSk
≤ VSl

for some k < l. By concavity

of φ and by monotonicity ri

rj
< 1, we have

φ′(VSk
)

φ′(VSl
)
≥ 1 ⇒

u′(ci)

u′(cj)
< 1 for all si ∈ Sk, sj ∈ Sl

⇒ ci > cj for all si ∈ Sk, sj ∈ Sl.

Suppose not and VSk
≤ VSl

. Because φ(u(∙)) is concave,

φ′(VSk
(s))

φ′(VSl
(s))

u′(ci)

u′(cj)
=

ri

rj

< 1 ⇒ ci > cj for all si ∈ Sk, sj ∈ Sl.

Hence,

VSk
=
∑

si∈Sk

u(ci)P (si|Sk)

≥ min
si∈Sk

u(ci) > max
sj∈Sl

u(cj)

≥
∑

sj∈Sl

u(cj)P (sj|Sl) = VSl
,

which leads to a contradiction.
35See Lemmas 17, 18, and 19 in the Appendix.
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For the consumption sequence to be monotonically decreasing, note

(φ(u(x)))′ = φ′(u(x))u′(x)

−
(φ(u(x)))′′

(φ(u(x))′
= −

φ′′(u(x))u′(x)

φ′(u(x))
−

u′′(x)

u′(x)

Hence,

Aφ◦u(x) − Au(x) = Aφ(u(x))u′(x).

The FOCs are

[1 − Aφ(Vk+1)(Vk − Vk+1)]
minsj∈Sk+1

rj

maxsi∈Sk
ri

=
u′(minsj∈Sk+1

cj)

u′(maxsi∈Sk
ci)

, (26)

where max Sk and min Sk+1 are the last and the first state in Sk and Sk+1, respectively. It

suffices to show the left-hand side is greater than 1 for all Sk ∈ π.

Vk − Vk+1 = u(cSk
) − u(cSk+1

) ≤ u′(cSk+1
)
[
cSk

− cSk+1

]
≤ u′(cSk+1

)

[

max
si∈Sk

ci − min
sj∈Sk+1

cj

]

,

where cSk
and cSk+1

are the certainty equivalents to consumptions in Sk and Sk+1. Let

Aφ(Vk+1) = Aφ(u(cSk+1
)); then Assumption 6 implies the left-hand side of eqn. (26) is

greater than 1.

(ii) Now consider convex φ and note the following for k < l:

VSk
(s) =

∑

si∈Sk

P (si|Sk)u(ci) ≥ u(min
si∈Sk

ci)

VSl
(s) =

∑

si∈Sl

P (si|Sl)u(ci) ≤ u(max
si∈Sl

ci).

Hence,

φ′(u(minsi∈Sk
ci))u

′(minsi∈Sk
ci)

φ′(u(maxsi∈Sl
ci))u′(maxsi∈Sl

ci)
<

φ′(VSk
(s))u′(minsi∈Sk

ci)

φ′(VSl
(s))u′(maxsi∈Sl

ci)
=

maxsi∈Sk
ri

minsi∈Sl
ri

< 1.

By the assumption that φ(u(∙)) is concave, thus, minsi∈Sk
ci > maxsi∈Sl

ci for all k < l,
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implying that ci is monotonically decreasing in i. It follows immediately that VSk
> VSl

for

all k < l.

B.3.2 Lemma 12

Lemma 12. The event-aggregation effect on consumption is

Δc∗j =
ΓSi

Au(cj)
,

ΓSi
= 1 −

φ′(VSi
)

∑
Sk∈B α(Sk)φ′(VSk

)
.

If Assumption 4 holds, then φ is concave (convex) if and only if {Δc∗j}j∈B satisfies single-

crossing from above (below) for values of prices pi, probabilities P (si), and income I.

Proof of Lemma 12. First, the expression for consumption change follows from Lemma 7

from the general case. Next, we show the relationship between concavity/convexity and the

single-crossing property. Suppose φ is concave. By Lemma 11, φ′(VSk
) is strictly increasing

in k, so ΓSk
is strictly decreasing in k. Additionally, note that consumption change on one

event must be of the same sign due to Au(c) > 0, so sgn(Δc∗j) = sgn(ΓSk
) for all sj ∈ Sk.

Also
∑

si∈B piΔc∗i = 0 implies that if there exist sj ∈ B such that Δc∗j > 0, then there must

exist si ∈ B such that Δc∗i < 0. Note that all changes in consumption cannot be 0 due

to the difference between the FOCs. Next, by taking into account monotonicity of ΓSk
, we

get that there exists k∗ such that ΓSk
≥ 0 for all k ≤ k∗ and ΓSk

< 0 for all k > k∗. The

single-crossing property of Δc∗j follows directly from this result. The convexity of φ follows

by analogy; one only needs to note that ΓSk
would be strictly increasing in k.

Finally, we show the “only if” direction. Fix u. Suppose Δc∗i satisfies single-crossing from

above for all values of parameters. We aim to demonstrate that we must have φ concave on

U = u(R+). Suppose not, then there exist an interval Iε(u) = (ū− ε, ū + ε) in the domain of

φ(∙), on which it is convex.

Then we can construct parameters that lead to a contradiction to Δc∗i satisfying the

single-crossing from below.
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First we pick pi = P (si) so ri = r̄ is constant for all si ∈ Ω. The optimal consumption

vector is constant (regardless of π); i.e., ci = c = I
np
. Let income I be such that I :=

npu−1(ū), in which case the consumption satisfies u(ci) = ū ∈ Iε(u).

Next, notice that for fixed π and P , in (DP-π): the objective function U(c, π) is con-

tinuous in c, and by standard argument the budget constraint B(p, I) is a continuous cor-

respondence of p, I . By Berge’s Theorem of Maximum, the solution c∗(P, p, I) is upper

hemicontinuous in p and I. Since U(∙) is strictly concave, c∗(P, p, I) is single-valued and

hence is continuous in p and I.

For arbitrarily small ε > 0, there exists some δ > 0 such that for all p′ with ||p′ − p|| < δ,

||c∗(P, p, I) − c∗(P, p′, I)|| <
ε

2
.

Pick such a p′ that p′i−pi is increasing in i, so ri is increasing in i and such that rB > (<)rSk

for all Sk ⊆ Bc. So we can find some optimal consumption c = c∗(P, p′, I) to the (DP-π)

that is not a constant vector and ci ∈ Iε(u) for all i.

Since φ(∙) is locally convex on interval Iε(u), for (DP-π) with parameters P, p′, I and

non-constant solutions c with u(c) ∈ Iε(u)n. By the “only if” direction, Δc∗i satisfies the

single-crossing from below (not above) for these parameter values, and hence we have a

contradiction. The convex case can be shown by analogy.

B.3.3 Proof of Proposition 4

Proof. The expression of ΔL∗ is given by Eqn. (23) from Lemma 8.

First, we show the “if” direction. Note that the fact that ri increases in i implies that

probabilities P (si) give more weight to smaller i and less weight to larger i in comparison

with pi.

Next, suppose φ is concave. In this case, by Lemma 12 there exists k∗ such that Δc∗i ≥

0 for all i ≤ k∗ and Δc∗i < 0 for all i > k∗. Note that the budget constraint requires
∑

si∈B piΔc∗i = 0 and we have ΔL∗ =
∑

si∈B P (si)Δc∗i (by Lemma 8). Given that P (si)

gives more weight to positive elements and less weight to negative ones, we can conclude
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that

ΔL∗ =
∑

si∈B

P (si)Δc∗i ≥
∑

si∈B

piΔc∗i = 0.

If φ(∙) is convex, by Lemma 12, there exists k∗ such that Δc∗i ≤ 0 for all i ≤ k∗ and

Δc∗i > 0 for all i > k∗ and a similar result follows.

Finally, to show the “only if” direction, we use the same approach as in Proposition 2.

Fix u. Suppose ΔL∗ > 0 for all parameters values and we want to show that φ(∙) is concave

on U = u(R+). Suppose not, then there exists an interval Iε(u) = (ū−ε, ū+ε) in the domain

of φ(∙), on which it is convex. Then it is always possible to choose parameters p, P and I

such that u(ci) ∈ Iε(u) for all si ∈ S. Then by the “if” direction, we have that for these

parameters ΔL∗ < 0. A contradiction.

The case for ΔL∗ > 0 for all parameters implying convex φ(∙) follows from an analogous

argument.

B.3.4 Lemma 14

Lemma Lemma 14 shows the direction of income redistribution between the aggregated

event B and its complement Bc is pinned down by the comparison of the Lagrange multipliers

of the two problems λπ and λρ.

First, we provide the exact condition needed for the connection mentioned above, and

show it can be implied by Assumption 7.

Let u−1(V ∗
Sk

) = cCE∗
Sk

, u−1(VSk
) = cCE

Sk
and u−1(ṼSk

) = c̃CE
Sk

be the conditional certainty

equivalent to consumption on event Sk. Recall ySk
:=
∑

si∈Sk
P (si|Sk)

1
Au(c∗i )

> 0.

Assumption 8. For every event Sk ∈ ρ,

Aφ◦u(c
CE∗
Sk

) − Au(c
CE∗
Sk

) > min
si∈Sk

−Au(c
∗
i )

Δc̃i

Δc̃CE
Sk

.

Lemma 13. Assumption Aφ◦u(x) − Au(x) > −minSk∈ρ
1

ySk

implies Assumption 8.
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Proof. Note that Aφ◦u(x) − Au(x) > −minSk∈ρ
1

ySk

implies

Aφ◦u(c
CE∗
Sk

) − Au(c
CE∗
Sk

) > −
1

ySk

.

Next, recall that Au(c
∗
i )Δc̃i = Γ̃Sk

. By the Taylor approximation, we have

Δc̃CE∗
Sk

=
∑

si∈Sk

P (si|Sk)Δc̃i = Γ̃Sk

∑

si∈Sk

P (si|Sk)
1

Au(c∗i )
.

Finally, we have

1

ysk

=
Γ̃Sk

Γ̃Sk

∑
si∈Sk

P (si|Sk)
1

Au(c∗i )

=
Au(c

∗
i )Δc̃i

Δc̃CE∗
Sk

,

and the result follows.

Lemma 14. If u and φ ◦ u are concave and three-times differentiable and Assumption 8

holds, then λπ > (=)λρ if and only if λρ > (=)(<)λB if and only if ΔIB < (=)(<)0 and

ΔIBc > (=)(<)0.

Proof. For all si, sj ∈ B, the marginal rate of substitution satisfies

u′(c̃i)

u′(c̃j)
=

ri

rj

=
u′(c∗i )

u′(c∗j)
.

Hence, sgn(Δc̃i) = sgn(Δc̃j) for all si, sj ∈ B.

By the same argument, for arbitrary si, sj ∈ Sk ⊆ Bc, sgn(Δc̃i) = sgn(Δc̃j) = sgn(ΔVSk
(s̃)).

Next, for any event Sk ∈ Bc and any state si ∈ Sk, we have

φ′(VSk
(s̃))

φ′(VSk
(s))

u′(c̃i)

u′(ci)
=

λρ

λπ

Recall u−1(VSk
) = cCE

Sk
and u−1(ṼSk

) = c̃CE
Sk
, we have

λρ

λπ

=
φ′(u(c̃CE

Sk
))

φ′(u(cCE
Sk

))
∙
u′(c̃i)

u′(ci)
=

(φ(u(c̃CE
Sk

)))′

(φ(u(cCE
Sk

)))′
∙
u′(cCE

Sk
)

u′(c̃CE
Sk

)
∙
u′(c̃i)

u′(ci)
.
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λρ

λπ

= [1 − Aφ◦u(c
CE
Sk

)Δc̃CE
Sk

] ∙ [1 + Au(c̃
CE
Sk

)Δc̃CE
Sk

] ∙ [1 − Au(ci)Δc̃i] + O(Δc̃2)

= [1 − Aφ◦u(c
CE
Sk

)Δc̃CE
Sk

] ∙ [1 + Au(c
CE
Sk

)Δc̃CE
Sk

] ∙ [1 − Au(ci)Δc̃i] + O(Δc̃2)

= 1 − [Aφ◦u(c
CE
Sk

) − Au(c
CE
Sk

)]Δc̃CE
Sk

− Au(ci)Δc̃i + O(Δc̃2). (27)

Since sgn(Δc̃i) = sgn(Δc̃CE
Sk

) for all si ∈ Sk, Sk ∈ Bc, by Assumption 8 and Lemma 13

(note c∗i = ci for all si ∈ Bc),

Aφ◦u(c
CE
Sk

) − Au(c
CE
Sk

) > −Au(ci)
Δc̃i

Δc̃CE
Sk

.

Substituting it to eqn. (27) yields

λρ < λπ ⇔ Δc̃CE
Sk

> 0 ⇔ ΔṼSk
> 0 ⇔ Δc̃i > 0.

Since Sk is an arbitrary event from Bc, this implies that for any Sk, Sl ∈ Bc and si ∈ Sk,

sj ∈ Sl: sgn(Δc̃i) = sgn(ΔVSk
(s̃)) = sgn(ΔVSl

(s̃)) = sgn(Δc̃j). Hence, we obtain that

the event-smoothing effect has the same direction and sgn(ΔVSk
(s̃)) = sgn(ΔIBc) for any

Sk ∈ Bc.

Moreover, note ΔIB + ΔIBc = 0. Thus, we have sgn(ΔIBc) = − sgn(ΔIB). In summary,

for any si ∈ Sk ∈ Bc and sj ∈ B, we have

λπ > λρ ⇔ Δc̃i > 0, ΔVSk
> 0, ΔIBc > 0 ⇔ Δc̃j < 0, ΔIB < 0.

Finally, we compare λB and λρ. For any si ∈ Sk ∈ B, dividing the FOCs (12) and (DP-ρ)

yields

λρ

λB

=
φ′(VB(s̃))

φ′(VB(s∗))

u′(c̃i)

u′(c∗i )
.

Similarly, recall u−1(V ∗
B) = cCE∗

B , we have
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λρ

λB

=
(φ(u(c̃CE

B )))′

(φ(u(cCE∗
B )))′

∙
u′(cCE∗

B )

u′(c̃CE
B )

∙
u′(c̃i)

u′(c∗i )

= [1 − Aφ◦u(c
CE∗
B )Δc̃CE

B ] ∙ [1 + Au(c̃
CE
B )Δc̃CE

B ] ∙ [1 − Au(c
∗
i )Δc̃i] + O(Δc̃2)

= [1 − Aφ◦u(c
CE∗
B )Δc̃CE

B ] ∙ [1 + Au(c
CE∗
B )Δc̃CE

B ] ∙ [1 − Au(c
∗
i )Δc̃i] + O(Δc̃2)

= 1 − [Aφ◦u(c
CE∗
B ) − Au(c

CE∗
B )]Δc̃CE

B − Au(c
∗
i )Δc̃i + O(Δc̃2). (28)

By applying Assumption 8 to eqn. (28), we have

λρ > λB ⇔ Δc̃CE
B < 0, Δc̃i < 0 ⇔ ΔIB < 0.

We have shown the “>” case.

The “<” case follows by analogy. These imply the “=” case.

B.3.5 Lemma 15

Lemma 15. Given u′(x) > 0, 2Au(x) ≥ Pu(x) is equivalent to g(x) = (u′(x))2

u′′(x)
being non-

decreasing.

Proof. Given u′(x) > 0, note

g′(x) = 2u′(x) −
(u′(x))2u′′′(x)

(u′′(x))2
≥ 0 ⇔ 2 ≥

(u′(x))u′′′(x)

(u′′(x))2
⇔ 2Au(x) ≥ Pu(x).

Also,

1 ≥ Tu(x)′ =

(

−
u′(x)

u′′(x)

)′

=
−(u′′(x))2 + u′′′(x)u′(x)

(u′′(x))2
,

which holds if and only if

(u′′(x))2 ≥ −(u′′(x))2 + u′′′(x)u′(x) ⇔ 2(u′′(x))2 ≥ u′′′(x)u′(x) ⇔ 2Au(x) ≥ Pu(x).
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B.3.6 Lemma 16

Lemma 16. If Assumptions 5 and 7 hold, then ri

Au(ci)
is non-decreasing in i.

Proof of Lemma 16. Consider the FOCs for the states inside event Sk:

φ′(VSk
(s))u′(ci) = λπri

φ′(VSk
(s))u′(ci)

Au(ci)
= λπ

ri

Au(ci)
.

First, consider states within event Sk, the LHS is non-increasing in ci (by Lemma 15)

and ci is decreasing in i, implying it is non-decreasing in i. Hence, the claim holds within

each event. Then we only need to show that it also holds between each pair of nearby states

that belong to two adjacent events. If φ is concave, by the fact that VSk
is decreasing in k,

the LHS is still increasing in i. Below we prove the claim is also true when φ is convex and

obeys Assumptions 5 and 7.

Denote g(x) = u′(x)
Au(x)

. Next, consider si ∈ Sk and si+1 ∈ Sk+1, then we have

φ′(VSk+1
(s))

φ′(VSk
(s))

×
g(ci+1)

g(ci)
=

ri+1

Au(ci+1)

ri

Au(ci)

.

We want to show that this ratio is greater or equal to 1.

Note the following:

φ′(VSk+1
(s))

φ′(VSk
(s))

≈ 1 − Aφ(VSk
)ΔVSk

≈ 1 − Aφ(VSk
)u′(cCE

k )(cCE
k+1 − cCE

k );

g(ci)

g(ci+1)
≈ 1 +

g′(ci+1)

g(ci+1)
(ci − ci+1) = 1 +

g′(cCE
k )

g(cCE
k )

(ci − ci+1) + O(Δc2),

where the last “=” is by the Taylor approximation of g′(x)
g(x)

at cCE
k .

Hence, we need to show the following:

Aφ(VSk
)u′(cCE

k ) ≥
g′(cCE

k )

g(cCE
k )

×
ci+1 − ci

cCE
k+1 − cCE

k

.
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From Lemma 15, we have g′(x)
g(x)

= Pu(x) − 2Au(x) ≤ 0. Additionally, note

φ′′(VSk
)u′(cCE

k ) =
(φ(u(cCE

k )))′′ + (φ(u(cCE
k )))′Au(ck)

u′(cCE
k )

=
(φ(u(cCE

k )))′

u′(cCE
k )

(Au(c
CE
k )−Aφ◦u(c

CE
k )),

which implies

Aφ(VSk
)u′(cCE

k ) = Aφ◦u(c
CE
k ) − Au(c

CE
k ).

By Assumption 7, we have

Aφ◦u(c
CE
k ) − Au(c

CE
k ) ≥ x̄(Pu(c

CE
k ) − 2Au(c

CE
k )) ≥

ci+1 − ci

cCE
k+1 − cCE

k

(Pu(c
CE
k ) − 2Au(c

CE
k ))

and the result follows.

B.3.7 Lemma 17

Lemma 17. Suppose Assumptions 2, 4, 6, 5 and 7 hold. Then φ is concave (convex) if and

only if λρ < (>)λπ for all values of prices, probabilities and income.

Proof. By Lemma 16, Assumptions 6 and 5, 7 imply rj

Au(cj)
is non-decreasing in j.

For all sj ∈ Si ∈ B, dividing the FOCs from (DP-π) and (DP-B) implies

φ′(VB(s∗))u′(c∗j)

φ′(VSi
(s))u′(cj)

=
λB

λπ

.

By construction,

VB(s∗) =
∑

si∈B

P (si|B)u(c∗i ) ≥ VB(s) =
∑

si∈B

P (si|B)u(ci).

By the first-order Taylor approximation of u′(c∗j) at cj ,

φ′(VB(s∗))

φ′(VSi
(s))

[1 − Au(cj)Δc∗j ] ≈
λB

λπ

.
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That is,

Δc∗j ≈
1

Au(cj)

(

1 −
λB

λπ

∙
φ′(VSi

(s))

φ′(VB(s∗))

)

.

Because total expenditure on B remains unchanged, we have

0 =
∑

sj∈B

pjΔc∗j ≈
∑

sj∈B

pj

Au(cj)

(

1 −
λB

λπ

∙
φ′(VSi(s))

φ′(VB(s∗))

)

,

λB

λπ

≈

∑
sj∈B

pj

Au(cj)

∑
Si⊆B

φ′(VSi
(s))

φ′(VB(s∗))

(∑
sj∈Si

pj

Au(cj)

) =
φ′(VB(s∗))

∑
Si⊆B α(Si)φ′(VSi

(s))
.

For each Si ∈ B, Si ∈ π, observe that

α(Si) =

∑
sj∈Si

pj

Au(cj)∑
sj∈B

pj

Au(cj)

=

∑
sj∈Si

rj

Au(cj)
P (sj)

∑
sj∈B

rj

Au(cj)
P (sj)

is a conditional probability on event partition πB = {Sk, . . . , Sl}, transformed from probabil-

ity P (∙|B) with Radon-Nikodym derivative rj

Au(cj)
. Because rj

Au(cj)
is non-decreasing, α(Sk)

P (Sk|B)

is non-decreasing in the index k.

For concave (convex) φ, by Lemma 11, VSk
is decreasing in k. Because, by Assumption

2, φ′(∙) is decreasing and convex (increasing and concave),

t∑

i=k

α(Si)φ
′(VSi

(s)) ≥ (≤)
l∑

i=k

P (Si|B)φ′(VSi
(s)) > (<)φ′(VB(s)) ≥ (≤)φ′(VB(s∗)). (29)

Hence, λB < (>)λπ. By Lemma 14, λρ < (>)λπ ⇔ λB < (>)λπ and the result follows.

Next, we show the “if” direction. Suppose λπ > λB for all incomes and prices and there

exists an interval Iε(u) = (u − ε, u + ε) in the domain of φ(∙), on which it is convex. In this

case, it is always possible to find the values of parameters that will produce consumption

vector c such that u(ci) ∈ Iε(u) for all states si ∈ B. However, this means that for these

parameters, we deal with a convex φ, and by applying the above results, it must be that

λπ < λB in this case. Hence, we have a contradiction. A similar approach can obtain the

result for convex φ(∙).
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B.3.8 Lemma 18

Lemma 18. Suppose u is strictly concave and three-times differentiable, and Assumptions

2–6 and 5 hold. If φ is concave (convex), then ESk
Aφ(VSk

(s)) does not decrease (does not

increase) in k.

Proof. First, consider

ESk
=
∑

si∈Sk

P (si|Sk)
u′(ci)

Au(ci)
= −

∑

si∈Sk

P (si|Sk)
(u′(ci))

2

u′′(ci)
.

By Lemma 11, ci decreases in i, and by Lemma 15, (u′(x))2

u′′(x)
is non-increasing; hence,

(u′(ci))
2

u′′(ci)
does not increase in i. Due to monotonic aggregation of the states, we get that ESk

does not decrease in k.

Now consider Aφ(VSk
(s)). Note that VSk

(s) decreases in k by Lemma 11.

(i) Suppose φ is concave and |Aφ(∙)| is a non-increasing function. Given that Aφ(∙) is

positive, Aφ(VSk
(s)) does not decrease in k.

(ii) Next, suppose φ is convex and |Aφ(∙)| is non-increasing, then Aφ(∙) is a non-decreasing

function. Given that Aφ(∙) is negative, Aφ(∙) is a non-decreasing function. Hence, Aφ(VSk
(s))

does not increase in k.

Then, the result follows.

B.3.9 Lemma 19

Lemma 19. Suppose u is strictly concave and three-times differentiable, and Assumptions

2–6 and 5 hold, then Γ̃Sk
does not increase in k.

Proof. To simplify notation of this proof, we denote Aφ(VSk
(s))ESk

= ak inside this proof

only. First, consider the quadratic equation from Lemma 9:

λρ

λπ

= (1 − akΓ̃Sk
)(1 − Γ̃Sk

) for any Sk ∈ Bc,
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which can be rewritten as

akΓ̃
2
Sk

− (ak + 1)Γ̃Sk
+ 1 −

λρ

λπ

= 0.

Now we take the derivative of the above equation with respect to ak and get the following:

Γ̃2
Sk

+ 2akΓ̃Sk

dΓ̃Sk

dak

− Γ̃Sk
− (ak + 1)

dΓ̃Sk

dak

= 0

⇒
dΓ̃Sk

dak

=
Γ̃Sk

(1 − Γ̃Sk
)

2akΓ̃Sk
− ak − 1

.

We are interested in the sign of
dΓ̃Sk

dak
.

The actual solutions to the equation are

Γ̃Sk
=

ak + 1

2ak

± 0.5

√(

1 +
1

ak

)2

−
4

ak

(

1 −
λρ

λπ

)

.

Note that when λρ

λπ
= 1, Γ̃Sk

= 0, because the event-smoothing effect is 0 in this case; hence

we can throw away the solution with “+”. Thus, Γ̃Sk
≤ ak+1

2ak
.

In addition, (1− akΓ̃Sk
)(1− Γ̃Sk

) > 0, implying both elements (1− akΓ̃Sk
) and (1− Γ̃Sk

)

must be of the same sign. The greater of the roots of the equation produces negative elements,

whereas the smaller one produces positive elements because 1 − Γ̃Sk
is smaller when Γ̃Sk

is

greater. Thus, Γ̃Sk
< 1 because we are dealing with the smallest of the two roots. Hence,

we obtain sgn
(

dΓ̃Sk

dak

)
= − sgn Γ̃Sk

.

Suppose φ is concave, then Γ̃Sk
> 0 for all Sk ∈ Bc, implying

dΓ̃Sk

dak
< 0. Hence, given

that ak does not decrease in k, Γ̃Sk
does not increase in k.

Similarly, suppose φ is convex, then Γ̃Sk
< 0 for all Sk ∈ Bc, implying

dΓ̃Sk

dak
> 0. Hence,

given that ak does not increase in k, Γ̃Sk
does not increase in k.

B.3.10 Lemma 20

Lemma 20. Suppose Assumptions 2, 3, 4, 5, 6, 7 hold. Then we have the following results:
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(1) Suppose B is such that α∗(B)
β∗(B)

> α∗(Sk)
β∗(Sk)

for all Sk ∈ Bc, then for all values of prices,

probabilities and income, ΔL̃ > (<)0 if and only if φ is concave (convex).

(2) Suppose B is such that α∗(B)
β∗(B)

< α∗(Sk)
β∗(Sk)

for all Sk ∈ Bc, then for all values of prices,

probabilities and income, ΔL̃ < (>)0 if and only if φ is concave (convex).

Proof. (1) By Lemma 10, we have

ΔL̃ =
∑

si∈Ω

P (si)

Au(c∗i )
×
∑

Sk∈ρ

β∗(Sk)Γ̃Sk
.

We also know that by Lemma 9,

∑

Sk∈ρ

α∗(Sk)Γ̃Sk
= α∗(B)Γ̃B +

∑

Sk∈Bc

α∗(Sk)Γ̃Sk
= 0.

Additionally, by Lemma 14, λπ > λρ ⇔ Δc̃i < 0 for all si ∈ B and Δc̃j > 0 for all sj ∈ Bc.

By Lemma 9, Δci =
Γ̃Sk

Au(c∗i )
for all si ∈ Sk ∈ ρ, implying that Δci has the same sign for

all si ∈ Sk. Hence, Δci < 0 for all si ∈ B ⇔ Γ̃B < 0. Similarly, we get Δci > 0 for all

si ∈ Bc ⇔ Γ̃Sk
> 0 for all Sk ∈ Bc.

Then
∑

Sk∈ρ

β∗(Sk)Γ̃Sk
=
∑

Sk∈Bc

Γ̃Sk

(

β∗(Sk) −
α∗(Sk)

α∗(B)
β∗(B)

)

.

Next, suppose conditions in part (1) are satisfied and φ is concave, then all Γ̃Sk
> 0 and

also all β∗(Sk) −
α∗(Sk)
α∗(B)

β∗(B) > 0, implying that ΔL̃ > 0. If φ is convex, then all Γ̃Sk
< 0,

implying ΔL̃ < 0.

The “if” direction follows from a similar argument used above in Proposition 2. To show φ

is concave on U = u(R+), suppose instead there exists an interval on U on which φ is convex,

while ΔL̃ > 0, then (by the same argument as before) it is possible to find the parameters

such that all consumption and event values fall within that interval, which would demand

ΔL̃ < 0. Then we establish a contradiction.

Part (2) can be shown by analogy.
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B.3.11 Proof of Proposition 5

Proof. (1) ⇔ (2) is Lemma 17. (2) ⇔ (3) follows from Lemma 14. We will show (1) ⇔ (4).

For the (1) ⇒ (4) direction,consider the concave (convex) case. Then λπ > (<)λρ,

ΔIBc > (<)0, Δs̃ > (<)0, and Δc̃i > (<)0 for all si ∈ Sk ∈ Bc\{s1}. For all si /∈ B ∪ {s1},

Lemma 9 implies Δc̃i =
Γ̃Sk

Au(ci)
and for all Sk ∈ Bc\{s1}, Γ̃Sk

> (<)0. By Lemma 19, we have

that Γ̃Sk
does not increase in k. By Assumption 3, u is DARA, and ci is decreasing in i, Δc̃i

is non-increasing in i. Therefore, we have that Δd̃i = Δs̃−Δc̃i is non-decreasing in i for all

si /∈ B ∪ {s1}.

Define S+ = {Sk ∈ ρ : Δd̃i ≥ 0, ∀si ∈ Sk} and S− = {Sl ∈ ρ : Δd̃j < 0, ∀sj ∈ Sl}. By

Lemma 19, S− contains all the events Sk ∈ Bc such that ri < r1 for all si ∈ Sk. And S+

contains all the events Sl ∈ Bc such that r1 < rj for all sj ∈ Sl. Because Δd̃i > (<)0 for all

si ∈ B, B ∈ S+. Then, the condition r1 < minsj∈Sl+1
rj (maxsj∈Sl−1

rj < r1) implies S+ (S−)

contains event B and all the events Sk ∈ ρ after (before) B. Therefore, minS+ > maxS− and

the sequence {Δd̃i : i ≥ 2} crosses zero from negative to positive exactly once.

Thus,

ΔL̃ =
∑

si∈S

piΔd̃i

(

1 −
1

ri

)

=
∑

Sk∈S+

∑

si∈Sk

piΔd̃i

(

1 −
1

ri

)

+
∑

Sl∈S−

∑

sj∈Sl

pjΔd̃j

(

1 −
1

rj

)

>




∑

Sk∈S+

∑

si∈Sk

piΔd̃i




(

1 −
1

minS+ ri

)

+




∑

Sl∈S−

∑

sj∈Sl

pjΔd̃j




(

1 −
1

maxS− rj

)

≥

(

1 −
1

minS+ ri

)∑

si∈S

piΔd̃i =

(

1 −
1

minS+ ri

)

Δs̃ ≥ 0,

where the last “≥” follows from minS+ ri ≥ r1 ≥ 1 (minS+ ri ≤ 1) and Δs̃ > (<)0.

Finally, we show the (4) ⇒ (1) direction. By a similar argument, suppose there exists

an interval (u − ε, u + ε) in the support of φ, in which φ is convex (concave). Then it is

possible to pick parameters such that u(ci) ∈ (u − ε, u + ε) for all si ∈ S and event B such

that α∗(B)
β∗(B)

> (<)α∗(Sk)
β∗(Sk)

for all Sk ∈ Bc. In this case, by claims (1) and (2) above, we have

ΔL̃ < 0, and hence we have a contradiction.
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